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Abstract 

An equivariant version of the twisted inverse pseudofunctor is de- 
fined, and equivariant versions of some important properties, including 
the Grothendieck duahty of proper morphisms and flat base change 
are proved. As an application, a generalized version of Watanabe's 
theorem on the Gorenstein property of the ring of invariants is proved. 
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1 Introduction 

Let S he a separated noetherian scheme, G a flat separated S'-group scheme 
of finite type, X and Y S'-schemes separated of finite type with G-actions, 
and f : X ^ Y a G-morphism. 

The purpose of these notes is to construct an equivariant version of the 
twisted inverse functor /'. 

One of the main motivation of the work is an application to the invariant 
theory. As an example, we give a very short proof of a generalized version of 
Watanabe's theorem on the Gorenstein property of invariant subrings ^0] . 
Also, there might be some meaning in formulating the equivariant duality 
theorem, which has the Serre duality for the representations of reductive 
groups (see PD|) as a special case, in a reasonably general form for records. 

In the case where G is trivial, f' is defined as follows. For a scheme Z, 
we denote the category of C^-modules by Mod(Z). By definition, a plump 
subcategory of an abelian category is a non-empty full subcategory which is 
closed under kernels, cokernels, and extensions [221 (1-9.1)]. We denote the 
plump subcategory of Mod(Z) consisting of quasi-coherent O^-modules by 
Qco(Z). 

By Nagata's compactification theorem, there exists some factorization 

XUX^Y 



such that p is proper and i an open immersion. We call such a factorization 
a compactification. We define /' : D'^^^iy^(Mod(Y)) D'^^^^^-^(Mod{X)) to 
be the composite i*p^, where p^ : DQ^^^y^(Mod(F)) D'^^^^j^^{Mod{X)) 

is the right adjoint of Rp*, and i* is the restriction. The definition of f' is 
independent of choice of compactification. 

In order to consider a non-trivial G, we need to replace Qco(A) and 
Mod(A) by some appropriate categories which respect G-actions. The cate- 
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gory Qco(G', X) which corresponds to Qco(X) is fairly well-known. It is the 
category of G-linearlized quasi-coherent Cx-modules defined by Mumford 
P7j . The category Qco(G', X) is equivalent to the category of quasi-coherent 
sheaves over the diagram of schemes 

/ ^ a \ 



where a : G x X — X is the action, jj, : G x G ^ G the product, and P23 
and P2 are appropriate projections. Thus it is natural to embed the cate- 
gory Qco((j', X) into the category of all C^M^js^^^-modules Mod(i?g^(X)), and 
Mod(5^(X)) is a good substitute of Mod(X). As G is flat, Qco(G',X) is a 
plump subcategory of Mod(i?g.^(X)), and we may consider DQco(G,x)(Mod(i?g/(X))). 
However, our construction utilize an intermediate category LQco(G, X) (the 
category of locally quasi-coherent sheaves), and is not an obvious interpreta- 
tion of the non-equivariant case. 

Note that there is a natural restriction functor Mod(-B^^(X)) Mod(X), 
which sends Qco(G', X) to Qco(X). This functor is regarded as the forgetful 
functor, forgetting the G-action. The equivariant duality theorem which 
we are going to establish must be compatible with this restriction functor, 
otherwise the theory would be something different from the usual scheme 
theory and probably useless. 

Most of the discussion in these notes treats more general diagrams of 
schemes. This makes the discussion easier, as some of the important proper- 
ties are proved by induction on the number of objects in the diagram. Our 
main construction and theorems are only for the class of finite diagrams of 
schemes of certain type, which contains the diagrams of the form Bq{X). 

In sections 2-4, we review general facts on homological algebra. The 
construction of /' is divided into five steps. The first is to analize the functo- 
riality of sheaves over diagrams of schemes. Sections 5-8 are devoted to this 
step. The second is the derived version of the first step. This will be done 
in sections 9, 10, and 13. Note that not only the categories of all module 
sheaves Mod(X,) and the category of quasi-coherent sheaves Qco(X,), but 
also the category of locally quasi-coherent sheaves LQco(X,) also plays an 
important role in our construction. 

The third is to prove the existence of the right adjoint of R{p,)^ for 
(componentwise) proper morphism p, of diagrams of schemes. This is not 
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so difficult, and is done in section 12. We use Neeman's existence theorem 
on the right adjoint of unbounded right derived functors. Not only to uti- 
lize Neeman's theorem, but to calculate composite of various left and right 
derived functors, it is convenient to utilize unbounded derived functors. A 
short survey on unbounded derived functors is given in section 4. 

The fourth step is to prove various commutativity related to the well- 
definedness of the twisted inverse pseudofunctors, sections 11, 14, and 15. 
Among them, the compatibility with restrictions (Proposition 114. 14j) is the 
key to our construction. Given a G-morphism f : X ^ Y between G-schemes 
separated of finite type over 5", the associated morphism Bq {f) : Bq{X) 
Bq{Y) is of fiber type (or cartesian), see for the definition, (|5.2p . If we could 
find a compactification 

B^{X)^Z,^B^'{Y) 

such that p, is proper and of fiber type, and i, an image-dense open im- 
mersion, then the construction of f' and the proof of various commutative 
diagrams would be fairly easy. However, it seems that this is almost the 
same as the problem of equivariant compactifications. See [SSI equivari- 
ant compactifications. We avoid this problem, and prove the commutativity 
of various diagrams without assuming that p, is of fiber type. 

The fifth part is the existence of factorization /, = p,i,, where p, is proper 
and i, an image-dense open immersion. This is easily done utilizing Nagata's 
compactification theorem, and is done in section 16. This completes the basic 
construction of the equivariant twisted inverse pseudofunctor. 

In sections 17-24, we prove equivariant versions of most of the known re- 
sults on twisted inverse including the equivariant Grothendieck duality and 
flat base change, except that the equivariant dualizing complexes are treated 
later. We also prove that the twisted inverse functor preserves quasi-coherent 
cohomology groups. As we already know the corresponding results on single 
schemes and the commutativity with restrictions, this consists in straightfor- 
ward (but not easy) check of various commutativity of diagrams of functors. 

So far, almost all results are valid for any diagram of separated noetherian 
schemes with fiat arrows over a finite ordered category. In sections 25-31, 
we prove some results which are special on the G-actions. 

In section 32, we give a definition of the equivariant dualizing complexes. 
As an application, we give a very short proof of a generalized version of 
Watanabe's theorem on the Gorenstein property of invariant subrings in 
section 33. 
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2 Commutativity of diagrams constructed from 
a monoidal pair of pseudofunctors 

(2.1) Let (?)* be a covariant symmetric monoidal pseudofunctor 23, (3.6.5)] 
of closed categories on a category S. Thus, for each X E S, 

X, = (Mx,®,Ox,a,A,7,[?,*],vr) 

is a (symmetric monoidal) closed category (see e.g., [23 (3.5.1)]), where Mx 
is the underlying category, ® : Mx x Mx Mx the product structure. 
Ox G Mx the unit object, a : (a ® &) ® c = a ® (6 ® c) the associativity 
isomorphism, A : Ox ® a = a the left unit isomorphism, '-y: a®h = h®a 
the twisting (symmetry) isomorphism, [?, — ] : M^ x Mx Mx the internal 
hom, and 

tt: Mxia^b,c)^ Mxia,[b,c]) (2.2) 

the associative adjunction isomorphism of X, respectively. 

In this paper, various (different) adjoint pairs appears almost everywhere. 
By abuse of notation, the unit (resp. the counit) of adjunction is usually 
simply denoted by the same symbol u (resp. e). However, the unit map and 
the counit map arising from the adjunction ()2.2|) are denoted (by less worse 
abuse of notation) by (the same symbol) 

tr : a [b,a ^ b] (the trace map) 

and 

ev : [6, c] (g> 6 — * c (the evaluation map), 

respectively. 

(2.3) Let / : X ^ y be a morphism. Then is a symmetric monoidal 
functor. The natural map 

/*«. ® /*6 ^ /*(a ® b) 
is denoted by m = m{f), and the map 

Oy ^ f.Ox 

is denoted by 77 = i]{f). 
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(2.4) For composable two morphisms / and g in S, the given isomorphism 
(5'/)* — g*f* is denoted by c = Cf^g as in |23 (3.6.5)]. Let gf = f'g' be a 
commutative diagram in S. The composite isomorphism 

is also denoted by c = 0(5'/ = f'g'), by abuse of notation. 

(2.5) Let / : X — s> y be a morphism in S. The composite natural map 

/Ja, &]-^[/*a, /Ja, 6] (g) /*a]^^^^[/^a, /*([a, 6] (g) a)]^^^^-^[f^a, f^b] 

is denoted by H. In other words, if is right conjugate [23, (3.3.5)] to the 
map 

/4a, b] (g) f*a^f^{[a, b] a)^^^f^b. 

(2.6) G. Lewis proved a theorem which guarantee that some diagrams in- 
volving two symmetric monoidal closed categories and one symmetric monoidal 
functor commute [22j. 

By Lewis' result, we have that the following diagrams are commutative 
for any morphism f : X (also checked by direct computation). 

/Ja, b] ® f^a [f^a, fj)] ® f^a 

i m J, ev (2-7) 

f^{[a,b] (g) a) f^b 

/*a f^[b,a®b] 
itr ^ iH (2.8) 

f^a /*6] ^ [f^b, (a (g) 6)] 

/^a — > Oy ® f*a ^ f*Ox®f*a ZliJ!^ /*[a. Ox ® a] (g 

i 1 i via A 

f*a < [/*a, /*a] (g /*a < f^[a, a] (g /*a 

(2.9) 

2.10 Lemma. Let f : X —>■ Y and g : Y ^ Z be morphisms in S. Then the 
diagram 

gj^[a,b] g^[f^a,f^b] [gj^a,gj^b] 
{gf)^[a,b] > [igf)*a,{gf)*b] 



is commutative. 

Proof. Consider the diagram 



g*f*[a,b]0 g^:f^a 9*{f*[a,b](g)f^:a) g*f*{[a,b](g)a) g^f^b 

(c//)*[a,6] (g) (5/)*a > {gf)^{[a,b] a) ^f}^-^ {gf)*b. 

The diagram a is commutative by the definition of monoidal pseudofunctor, 
see [221 (3.6.7.2)]. The commutativity of r is obvious. Taking the conjugate, 
we get the commutativity of the diagram in the lemma. □ 

(2.11) Let us assume that there is a left adjoint (?)* of (?)* so that ((?)*, (?)*) 
is a monoidal adjoint pair [221 PP- 107-109]. 

For composable two morphisms / and g in 5, we denote the map f*g* — 
{gfY conjugate to c : ((?/)* g*f* by d = df^g. Being the conjugate of an 
isomorphism, d is an isomorphism. For a commutative diagram gf = f'g' in 
S, the composite map 

is also denoted by d, by abuse of notation. For a morphism f : X Y, 
the map /*Oy — > Ox conjugate to r] : Oy — > f*Ox is denoted by C. The 
composite map 

/*(a ® b)^nfj*a ® fJ*b)^^rUf*a ® rb)^ra ® r6 (2.12) 

is denoted by A. 

Almost by definition, the diagrams 

a®b ^ fj*a(^fj*b 

in im (2.13) 

fj*{a®b) ^ Mr^^rb) 

and 

r{ha®Ub) ^ rUa^b) 

iA is (2.14) 

f*f*ci®rf,b ^ a 0b 

are commutative. 

2.15 Definition. A monoidal adjoint pair ((?)*, (?)*) is said to be Lipman 
if A : /*(a ® 6) ^ f*a ® f*b and C : f*OY — ^ Ox are isomorphisms for any 
morphism / : X ^ y in iS and any a, 6 G My- 
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(2.16) Note that A : /*(a ® 6) f*a ® f*b is a natural isomorphism if and 
only if its right conjugate (see [231 (3-3.5)]) is an isomorphism. The right 
conjugate is the composite 

Mrb,a]^[fJ*b,f,a]^[bJ,a]. 

Let ((?)*, (?)*) be a Lipman adjoint pair of monoidal pseudofunctors 
over S. Then (?)* together with and form a covariant symmet- 
ric monoidal pseudofunctor on iS°p. 

(2.17) For a morphism f : X —>■ Y in S, the composite map 

f*[a, b]^^[ra, r[a, b] ® /*a]^^^^[/*a, /*([a, b] ® a)]^^[/*a, 

is denoted by P. We can apply Lewis' theorem to /*. In particular, the 
following diagrams are commutative by ()2.6|) for a morphism f : X ^ Y. 

f*[a,b]^f*a ^ [ra,f*b]^f*a 

i A-i i ev (2.18) 

n[a,b]^a) ^ Ub 

f*a ^ f*[b,a^b] 

i tr i p (2.19) 

[rbj*a0f*b] ^ [f*bj*ia0b)] 
f*a ^ Ox®f*a ^ f*OY®f*a /*[a, Oy ® a] ® /*a 

i 1 i via A 

ta < [ra,ra]®ra ^ r[a,a]^ra 

(2.20) 

2.21 Lemma. Let f : X Y and g : Y ^ Z be morphisms in S. Then the 
diagram 

rg*[a,b] ^ n9*(^,g*b] ^ [f*g*a,rg*b] 

{gma,b] > [{9fra,{gfyb] 

is commutative. 
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Proof. Follows instantly by Lemma [2.1UI □ 
2.22 Lemma. The following diagrams are commutative. 

[a,b] ^ [a,fj*b] 

i u ] u 

fj*[a,b] ^ [fj*ajj*b] 

f*f4a,b] ^ [f*f.aj*f,b] 
le is 
[a, 6] [/7*a,&] 

Proof. We prove the commutativity of the first diagram. Taking the adjoint 
map, it suffices to prove the commutativity of 

cv 

[a, b]0 a > b 

fj*[a,b]^fj*a [fj*ajj*b]®fj*a ^ fj*b. 

This is obvious by the naturality of u and the commutativity of (|2.7|) . 

The commutativity of the second diagram is similar (use ()2.18p ). □ 

(2.23) Let X be an object of S. We denote the composite isomorphism 

Mx{a,b)^MxiOx®a,b)^MxiOx,[a,b]) 

by hx- 

2.24 Lemma. Let f : X Y be a morphism in S. Then the composite map 

Mxia,b)^MxiOx, [a,b])^Mx{f*OY, [a,b]) ^ MyiOy, f,[a,b]) 

^My{Oy, [f.a, f,b])^MY{f.a, f.b) 
agrees with the map given by \—>- f^,ip. The composite map 

My{a', b')^MY{OY, [a', b'])^Mx{f*OY, f*[a', b']) 

^f^^^^^^MxiOx, [f*a', f*b'])^Mxif*a', f*b') 

agrees with f*. 
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Proof. We prove the first assertion. All the maps are natural on a. By 
Yoneda's lemma, we may assume that a = b and it suffices to show that the 
identity map If, is mapped to by the map. It is straightforward to check 
that Ife goes to the composite map 

*^ /^[a, Ox a] ® f^a-^f^[a, a] ® f^a^f^a. 

By the commutativity of ()2.9p . we are done. 

The second assertion is proved similarly, utilizing the commutativity of 
flT^ . □ 

Let ((?)*, (?)*) be a monoidal pair over S which may not be Lipman. Let 
a = {fg' = gf) be a commutative diagram in S. 

2.25 Lemma. The following composite map agree: 

2 9*f*^mr9*f*^n{9rrf*^f:{9r- 

For the proof and more information, see ^| (3.7.2)]. We denote the 
composite map in the lemma by 6{a) or 9. 

2.26 Lemma. Let 6 = {fg' = gf) be a commutative diagram in S. Then 
the diagram 

9*f*hb] . /:(^7')*K&] 

i PH I HP 

[g*f.a,g*f^b] ^ [g* f.aJUg'yb] ^ [fW^^JW^b] 
is commutative. 

Proof. Follows from Lemma f2. 221 □ 

2.27 Lemma. Let 9 = {fg' = gf) be a commutative diagram in S. Then 
the diagram 

f*{g,a®g,b) ^ f*g*{a^b) ^ 9'm*{a®b) 

i A i A 

fg.a^fg^b ^ g'MTc^^g'MTb ^ 9'SUr<^® UTb) 

is commutative. 

Proof. Utilize (IZTnl) and (EH). □ 
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3 Sheaves on ringed sites 



(3.1) We fix a universe W, and the categories of sets, abelian groups, rings, 
etc., denoted by Set, Ab, Rng, etc., are tliose consisting of sets, abelian 
groups, rings, etc. inside lA. In the sequel, a W-small set (i.e., a set which is 
bijective to an element of U) is referred simply as a small set. 

(3.2) For categories / and C, we denote the functor category Func(/°P,C) 
by V{I,C). An object of V{I,C) is sometimes referred as a presheaf over / 
with values in C. We fix a universe V which contains U as an element. If C is 
a V-category and I is V-svelte (i.e., equivalent to a V-small category), then 
V{I,C) is a V-category. The category V(I, Ah) is denoted by PA(/). 

In this article, a site (i.e., a category with a Grothendieck topology, in 
the sense of [37j) is required to be a V-small W-site defined by a pretopology. 
If X is a site, then the category of sheaves on X with values in C is denoted 
by iS(X, C). If C is a W-category, then S(X,C) is also a W-category, by our 
requirement. The category iS(X, Ab) is denoted by AB(X). 

Let X be a site. The inclusion AB(X) ^ PA(X) is denoted by g(X, AB). 
We denote the sheafification functor PA(X) AB(X) by a(X,AB). 

(3.3) Let X = (X, Ox) be a ringed site. Namely, let X be a site and Ox 
a sheaf of commutative rings on X. We denote the category of presheaves 
(resp. sheaves) of 0X- modules by PM(X) (resp. Mod(X)). The inclusion 
Mod(X) ^ PM(X) is denoted by g(X,Mod). The sheafification PM(X) 
Mod(X) is denoted by a(X,Mod). The forgetful functor Mod(X) AB(X) 
is denoted by F(X). The categories AB(X) and Mod(X) are Grothendieck 
in the sense that they have small sets of generators and satisfy the (AB5) 
condition in ^Hj- They also satisfy (AB3*). 

(3.4) Let / : Y ^ X be a functor. Then the pull-back PA(X) PA(Y) 
is denoted by Note that ffpJ^J^) := T o f°^. In general, the pull-back 
'P(X, C) V{Y, C) is defined in a similar way, and is denoted by /*. If / is 
continuous (i.e., carries sheaves to sheaves), then ff^ : AB(X) — > AB(Y) 

is defined to be the restriction of Throughout these notes, we require 
that a continuous functor / : Y ^ X satisfies the following condition. For y e 
Y, a covering {i/i y)i^j, and any i,j e /, the morphisms fiViXyyj) f{yi) 
and f{yi ^yyj) ^ fiyj) makes f{yi Xyyj) the fiber product f{yi) x f^y) f{yj). 

Thanks to the re-definition of sites and continuous functors, we have the 
following. 
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3.5 Lemma. Let / : Y ^ X 6e a functor between sites. Then f is continuous 
if and only if the following holds. 

If {ipi : Hi y)i(zi is a covering, then {fipi : fpi — > fy)i(zj is a covering. 

For the proof, see [13 (III. 1.6)]. 

The left adjoint of which exists by Kan's lemma (see e.g., [3 Theo- 
rem 1.2.1]), is denoted by /|^. 

For a; G X, we define the category as follows. An object of // is a pair 
{y, (p) with y G Y and (p G X(x, f{y)). A morphism h : {y, (p) (?/', (p') is a 
morphism h G Y{y,y') such that f{h) o cp = cp' . Note that r(x, /^^(JF)) = 
Iimr(?/,JF), where the colimit is taken over {llY^. 

The left adjoint of /* : ^(X, C) — > 'P(X, C) is constructed similarly, 
provided C is a W-category with arbitrary small colimits. The left adjoint is 
denoted by or simply by 

Similarly, /^^ : AB(X) ^ AB(Y) and its left adjoint ff-^ is defined. Note 
that we have g(Y, AB) o f*^ = f*^ o g(X, AB), and f^^ = a(X, AB) o /pa q 
g(Y,AB). 

3.6 Lemma. // {llY^ is pseudofiltered {see e.g., [121 1201) /^'^ ^^^^ a; G X, 
then /^^ exact. 

Proof. This is a consequence of [T^ Proposition 2.8]. □ 
We say that / : Y — X is admissible if / is continuous and the functor 
f^^ is exact. 

(3.7) If Y has finite limits and / preserves finite limits, then f^^ is ex- 
act by the lemma. It follows that a continuous map induces an admissible 
continuous functor between the corresponding sites. 

(3.8) The right adjoint functor of which we denote by f^^ also exists, 
as Ab"*^ has arbitrary small colimits (i.e., Ab has small limits). The functor 
f^^ is the left adjoint functor 

Func(Y°P, Ab)^Func(Y, Ab°P) Func(X, Ab°P)^ Func(X°P, Ab) 
of the functor 

(/°P)# : Func(X, Ab°P) ^ Func(Y, Ab°P), 
where /°p = / is the opposite of /, namely, / viewed as a functor Y°p X°p. 
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(3.9) For J^,Af G PM(X), the presheaf tensor product is denoted by M<^o^ 
Af. It is defined by 

T{x,M AT) := T{x,M) ®r(.,Ox) ^i^,^) 

for X G X. Tlie slieaf tensor product a{qAi ^■^) oi M.,M E Mod(X) is 
denoted by M 

(3.10) We say tliat / : (Y, Cy) (X, 0-£) is a continuous ringed functor if 
/ : Y ^ X is a continuous functor, and a morphism of sheaves of commutative 
rings Oy ^ /ab(C'x) is given. The pull-back PM(X) ^ PM(Y) is denoted by 

and its left adjoint is denoted by /^^. The left adjoint is defined 

by 

T{x, ff'M) := limr(x, O^) ®r(,,o,) T{y, M) 

for X G X and TVI g PM(Y), where the colimit is taken over the category 
(//)°P. Similarly, f*^^ : Mod(X) ^ Mod(Y) and its left adjoint /^""^ = 
afp^q is defined. If is filtered for any a; G X, then /^^Cy has a 

structure of a presheaf of rings in a natural way, and there is a canonical 
isomorphism f^^M = Ox ^/paq^ f#^M. The right adjoint of /^j^, which 

exists as in (jSH), is denoted by f^^. 

(3.11) Let X be a ringed site, and a; G X. The category X/x is a site with 
the same topology as that of X. The canonical functor $3, : X/x — >■ X is 
a continuous ringed functor, and yields the pull-backs and ($3,)*^, 
which we denote by (?)|;^^ and respectively. Their left adjoints are 
denoted by L^^ and L^^, respectively. Note that is admissible, see [23 
p.78]. 

(3.12) Note that X/x is a ringed site with the structure sheaf Ox\x- Thus, 
(?)|^°'^ and (?)|^^ are defined in an obvious way, and their left adjoints L^"*^ 
and L™ are also defined. Note that L^°'^ and are exact. 

(3.13) For a morphism (p : x —>■ y, we have an obvious admissible ringed 
continuous functor $^ : X/x ^ '^/u- The corresponding pull-back is denoted 
by and its left adjoint is denoted by (p'l, where t] is AB, PA, Mod or PM. 

For A/1, A/" G t](X), we define Hom ^(g-)(A/f, A/") to be the object of t](X) 
given by 

T{x,Eom^^x){M,Af)) := Hom^(x/.)(A<|i, A^l^), 
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where t] = PA, AB, PM, or Mod. For (p : x ^ y, the restriction map 
Hom^(x/,)(A<t ATIJ) ^ Hom^(x/.)(A^|i,Ar|^) 

is given by 0^. 

The following is a slight generalization of Example 3.5.2]. 
3.14 Lemma. Let (X, Ox) be a ringed site. Then we have the following. 

1 The category PM(X) is a closed symmetric monoidal category [see [211 

p. 180]) with (g)^^ the multiplication, qOx the unit object, Hom pj,^(Y)(?, ?) 
the internal hom, etc., etc. 

2 The category Mod(X) is a closed symmetric monoidal category with 

the multiplication. Ox the unit object, M9IILMod{x)i'^ j'^) internal 
hom, etc., etc. 

3 The inclusion q : Mod(X) — > PM(X) and the natural transformations 

qM qM^qa{qM qU) = q{M ^^) 

and 

qO^^qOx 
form a symmetric monoidal functor. 

4 For a ringed continuous functor f : (Y, Oy) (X, Ox), the functor fp^ : 

PM(X) PM(Y), the natural map 

fpuM ftuAT - ftuiM AT) (3.15) 
which induces the canonical map 

Tify,M) ®r(,,o,) Tify,M) ^ Tify,M) ®r(/,,Ox) ^ifv,^) 
for each y eY, and the map 

QOy ^ qfL^Ox = ft^qOx 
form a symmetric monoidal functor. 
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5 Under the same assumption as in 4, the functor f*^^ : Mod(X) ^ Mod(Y), 
the natural map 



and the map 

form a symmetric monoidal functor, where p : a/pM fuod^ ^'^ 
composite map 



6 Lets denote the category of ringed sites {with svelte underlying categories) . 
Then ((?)™, (?)pm) ^"'^ ((?)#°'^; ('^)pm) adjoint pairs of monoidal 
pseudo-functors on 5°^, see (3.6.7)]. 

(3.16) If there is no confusion, the \] attached to the functors of sheaves 
defined above are omitted. For example, /* stands for /*. Note that f*{T) 
viewed as a presheaf of abehan groups is independent of t]. 

(3.17) Let / : Y ^ X be a ringed continuous functor between ringed sites. 
The following is a restricted version of the results on cocontinuous functors 
in jSH]. We give a proof for convenience of readers. 

3.18 Lemma. Assume that for anyy G Y and any covering {x\ fy)\eA of 
fy, there is a covering {y^ —>■ y)^(zM ofy such that there is a map : M — >• A 
such that fy^ — > fy factors through x^(p) — > fy for each fi. Then the pull- 
back /* is compatible with the sheafification in the sense that the canonical 
natural transformation 

p : a(Y, Mod)/p#M fSoA^^ Mod) 



Mod 



is a natural isomorphism. If this is the case, /^od ^^■^ right adjoint fy 
and in particular, it preserves arbitrary limits and arbitrary colimits. 

Proof. Let M. G PM(X) and y G Y. Then the canonical map 

H\yjtMM) = \nnH\{y, ^ y)J*uM) 

= \imH\ify, fy),M) ^ H\fy,M) 
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is an isomorphism, because the coverings of the form (/y^ fy) is cofinal 
in the set of all coverings of fy by assumption. Thus the canonical map 

^°(/p*M-^)-/p*M^°(-^) 

is an isomorphism. The first assertion follows immediately from the con- 
struction of the sheafification, see (H-l)]- 

Next we show that /jj^^ has a right adjoint. To prove this, it suffices to 
show that /™(A4) is a sheaf if so is M iov M e PM(X). Let u : IdpM(Y) ^ 
fpuf™ be the unit of adjunction, e : /™/pm ~^ IdpM(x) the counit of 
adjunction, v{X) : g(X, Mod)a(X, Mod) — > IdpM(x) the unit of adjunction, 
and v(Y) : g(Y, Mod)a(Y, Mod) IdpM(Y) the unit of adjunction. Then the 
diagram of functors 

,, fPM . , fPMp 

fPM ■'^ , fPMf# fPM ^ fPMf# fPM jl^ . fPM 

J\, *■ J\, JPMJ\> ib iPMib Jb 



is commutative, where = is the inverse of the canonical map caused by 
QCbftm ~^ fpul^y which exists by the first part. As (/^, /[f ^) is an ad- 
joint pair, the composite of the first row of the diagram is the identity. As 
v{Y){A4) is an isomorphism, the right- most vertical arrow evaluated at A4 is 
an isomorphism. Hence, f (X)/™(A^), which is the left-most vertical arrow 
evaluated at A^, is a split monomorphism. As it is a direct summand of a 
sheaf, /™(A^) is a sheaf, as desired. 

As it is a right adjoint of f^"'^, the functor /^od preserves arbitrary 
limits. As it is a left adjoint of /^^°'^, the functor f*^^ preserves arbitrary 
colimits. □ 

(3.19) Let X be a ringed site, and x G X. It is easy to see that '■ X/ x — > X 
satisfies the condition in Lemma 13.181 So (?)|^°'^ preserves arbitrary limits 
and colimits. In particular, (?)|^°'^ is exact. Similarly, for a morphism : 
X — ?/ in X, 0^od preserves arbitrary limits and colimits. 
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4 Derived category and derived functors of 
sheaves on ringed sites 

We utilize the notation and terminology on triangulated categories in jH^]. 
However, We usually write the suspension (translation) functor of a triangu- 
lated category by S or (?)[!]• 

Let T be a triangulated category. 

4.1 Lemma. Let 

[ax — >0x—^cx — ^SaAj 

he a small family of distinguished triangles in T. Assume that the coproducts 
©c^A; ©^A; (ind ca exist. Then the triangle 

is distinguished, where H : Sa^ S(0aA) is the canonical isomorphism. 
Similarly, a product of distinguished triangles is a distinguished triangle. 

We refer the reader to Proposition 1.2.1] for the proof of the second 
assertion. The proof for the first assertion is similar jHU Remark 1.2.2]. 

(4.2) Let A be an abelian category. The category of bounded below (resp. 
bounded above, bounded) complexes in A is denoted by C^{A) (resp. C^{A), 
C^{A)). The corresponding homotopy category and the derived category are 
denoted by K^{A) and D^{A), where ? is either +, — or b. We denote the 
homotopy category of complexes in A with bounded below (resp. bounded 
above, bounded) cohomology groups by K^{A). The corresponding derived 
category is denoted by D^{A). 

For a plump subcategory A' of A, we denote by Kl^i^A) (resp. Kl^,{A)) 
the full subcategory of K^{A) (resp. K^{A)) consisting of complexes whose 
cohomology groups are objects of A'. The localization of Kj^,{A) by the 
epaisse subcategory of exact complexes is denoted by Dl^,{A). The category 
DI^,{A) is defined similarly. Note that the canonical functor Dl^,{A) D{A) 
is fully faithful, and hence Dl^,{A) is identified with the full subcategory of 
D{A) consisting of bounded below (resp. bounded above, bounded) com- 
plexes whose cohomology groups are in A'. Note also that the canonical 
functor Dl^,{A) Dl^,{A) is an equivalence. 
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(4.3) Let A and B be abelian categories, and F : K'^{A) K*{E) a trian- 
gulated functor. Let C be a triangulated subcategory of {A) such that 

1 If c G C is exact, then Fc is exact. 

2 For any a G K^{A), there exists some quasi- isomorphism a ^ c. 
The condition 2 implies that the canonical functor 

i{C) : C/{S n C) ^ K\A)/£ = D-{A) 

is an equivalence, where £ denotes the epaisse subcategory of exact complexes 
in K\A), see 03 (2.3)]. We fix a quasi-inverse p{C) : D\A) C/{£ n C). 
On the other hand, the composite 

C^K' {A) ^K* (B) ^D* (B) (4.4) 

is factorized as 

C^C/i£nC)^D*{B) (4.5) 

up to a unique natural isomorphism, by the universality of localization and 
the condition 1 above. Under the setting above, we have the following 
(L5.1)]. 

4.6 Lemma. The composite functor 

RF : D'{A)^C/{£ n C)^D*{B) 

is a right derived functor of F. 

We denote the map QF —>■ {RF)Q corresponding to id : RF —>■ RF by S 
or E{F). 

(4.7) Here we are going to review Spaltenstein's work on unbounded derived 
categories 

A chain complex / of ^ is called i^'-injective if for any exact sequence E 
of A, the complex of abelian groups Hom^(£', /) is also exact. 

A chain map f : C I is called a i^-injective resolution of C, if / is 
K-injective and / is a quasi-isomorphism. 

A special case of the following was proved in |H3] (the same proof works 
for the general case without much modification). See also [T]. 
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4.8 Lemma. // A is Grothendieck, then for any chain complex ¥ G K{A) 
there is a K-injective resolution ¥ ^ I of ¥ such that each term of I being 
an injective object of A. 

Let us denote the homotopy category of chain complexes of A by K{A). 
A chain complex / is ii"-injective if and only if K{A){E, I) = for any exact 
sequence E. It is easy to see that the iiT-injective complexes form an epaisse 
subcategory I (A) of K{A). 

(4.9) Let F : K{A) — > K{B) be a triangulated functor, and assume that A 
is Grothendieck. Let X be the full subcategory of i^-injective complexes of 
K{A). It is easy to see that X is triangulated, and 2 nS = 0. By (j4.6|) . the 
composite 

D(A)^I^DiB) 

is a right derived functor RF of F. Note that to fix p(X) is nothing but to 
fix a functorial i^-injective resolution F — > pQ¥ = If. 

(4.10) Let F : K{A) K{B) be a triangulated functor, and assume that 
there is a right derived functor of F. For F G K{A)^ we say that F is (right) 
F-acyclic if the canonical map QF¥ {RF)Q¥ is an isomorphism. 

4.11 Lemma. Let A and B be abelian categories, and F : A ^ B be an exact 
functor with the right adjoint G. Assume that B is Grothendieck. Then 
KG : K{B) — > K{A) preserves K-injective complexes. Moreover, RG : 
D{B) D{A) IS the right adjoint of RF = F. 

Proof. Let M G K{A), and I a i^-injective complex of K{B). Then 

Homif(^)(M, {KG)I) ^ i/°(Hom^(M, GI)) 

= /J°(Hom*(FM,I)) = Homi^(e)(FM,I). 

If M is exact, then the last complex is zero. This shows {KG)I is i^-injective. 

Now let M G D{A) and N e D{B) be arbitrary. Then by the first part, 
we have a functorial isomorphism 

Hom^(^)(M, {RG)N) ^ Hom^(^)(M, {KG)I^) 

^ Hom/f(B)(FM,lN) = HomD(s)(FM,N). 

This proves the last assertion. □ 
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4-12 Remark. Note that for an abelian category A, we have oh{C{A)) = 
oh{K{A)) = oh{D{A)). Thus, an object of one of the three categories is 
sometimes viewed as an object of another. 

(4.13) Let v4 be a closed symmetric monoidal abehan category which satis- 
fies the (AB3) and (AB3*) conditions. Let ® be the multiphcation and [?, ?] 
be the internal hom. For a fixed b & A, (? ® 6, [b, ?]) is an adjoint pair. In 
particular, ? ® 6 preserves colimits, and [b, ?] preserves limits. By symmetry, 
a®? also preserves colimits. As we have an isomorphism 

A{a, [6, c]) = A{a ® 6, c) ^ A{b O a, c) = A{b, [a, c]) = ^°P([a, c], 6), 

we have [?, c] : A°^ — ^ is right adjoint to [?, c] : A This shows that 

[?, c] changes colimits to limits. 

As in [15^ , we define the tensor product F (g)* G of F, G G C (A) by 

(F ®' G)" := FP ® G" 

p+q=n 

and 

We have F ®' G G C{A). Similarly, [F, G]* G C{A) is defined by 

[F,G]" := JJ[FP,G"+P] 

and 

It is straightforward to prove the following. 

4.14 Lemma. Let A be as above. Then the category of chain complexes 
C{A) is closed symmetric monoidal with (g)' the multiplication and [?, ?]' the 
internal hom. The bi-triangulated functors 

®' : K{A) X K{A) K{A) 

and 

[?, ?]• : K{AyP X K{A) K{A), 

are induced, and K{A) is a closed symmetric monoidal triangulated category 
(see |23, (3.5), (3.6)]). 
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(4.15) Let A be an abelian category, and ^ a full subcategory of C{A). 
An inverse system (Fj)jg/ in C{A) is said to be '^-special if the following 
conditions are satisfied. 

i / is well-ordered. 

ii If i G / has no predecessor, then the canonical map Jj limJj<j is an 

isomorphism (in particular, = if io is the minimum element of /). 

iii If i G / has a predecessor i — I, then the natural chain map Jj li-i is 

an epimorphism, the kernel Cj is isomorphic to some object of and 
the exact sequence 

^ a ^ /, ^ ^ 

is semi-split. 

Similarly, ^-special direct systems are also defined, see [Hi] . 
The full subcategory of C{A) consisting of inverse (resp. direct) limits of 
*P-special inverse (resp. direct) systems is denoted by ^ (resp. 

(4.16) Let (X, Ox) be a ringed site. Various definitions and results on un- 
bounded complexes of sheaves over a ringed space by Spaltenstein jHlI is 
generalized to those for ringed sites. However, note that we can not utilize 
the notion related to closed subsets, points, or stalks of sheaves. 

(4.17) We say that a complex F G C(Mod(X)) is K-flat if G ®' F is exact 
whenever G is an exact complex in Mod(X). We say that A G C(Mod(X)) is 
weakly K-injective if A is HomJ^^^j^j^-) (F, ?)-acyclic for any K-flat complex F. 

(4.18) Let (X, Ox) be a ringed site. For x G X, we define to be 
L™{Ox\x), and := Lf^'^iOxlx) = aOP. For xi, . . . G X, we define 

:= Cxi ® 

We denote by = ^o(X, Ox) (resp. <Po = ^o(X, Ox)) the full subcategory 
of C(Mod(X)) consisting of complexes of the form Ox[n] with x G X (resp. 
Cxi,...,xrN with xi, . . . , Xr G X) and n G Z. We define = ^(X, Ox) to be 
^ and *P := We also define Q. (resp. £2) to be the full subcategory of 
C(Mod(X)) consisting of bounded above complexes whose terms are direct 
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sums of copies of (resp. Oxj^,...,xr)- Note that and O. are closed 

under tensor products. 

A complex in *p is said to be strongly K-flat. We say that A G C(Mod(X)) 
is fC-limp (resp. strongly i^'-limp) if A is Hom^Qjj(-x)(JF! ?)"acyclic for any 
F G <P (resp. F G 

4.19 Lemma. Let f : (Y, Oy) (X, Ox) be o- ringed continuous functor. 
Then we have an isomorphism 

J# [^yi,...,yr) — ^fyi,-Jyr 

for yi,...,yr G Y. In particular, z/ F G ^(Y), then /#F G ^(X). // F zs 
strongly K-flat, then so is /#F. 

Proof. Clearly, we may assume that r = 1. For y G Y, we denote the 
canonical continuous ringed functor 

{Y/y,OY\y)^iVfy,Ox\fy) 
by f/y- We have $/y o (f/y) = f o^y. Hence, 

f#Oy = f#Ly{OY\y) = Lfy{f/y)#{0^\y) = Lfy{0^\fy) = Ofy. 

The last two assertions are obvious now. □ 

4.20 Lemma. Let (X, Ox) he a ringed site, and F, G G C(Mod(X)). Then 
the following hold: 

1 ¥ is K-fiat if and only zf Hom '^j^^^Y) (F, I) is K-injective for any K-injective 

complex I. 

2 IfFis K-flat exact, then G F is exact. 

3 The inductive limit of a pseudo-filtered inductive system of K-flat com- 

plexes is again K-flat. 

4 The tensor product of two K-flat complexes is again K-fiat. 

See P3j for the proof. 

4.21 Proposition. Let (X, Ox) be a ringed site, and x G X. Then is 
K-fiat. 
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Proof. It suffices to show that for any exact complex 8, 8 is exact. 
To verify this, it suffices to show that for any K-injective complex X, the 
complex Hom0^(£ ® Ox, I) is exact. Indeed, then if we consider the K- 
injective resolution 8 <^ Ox —>■ I, it must be null-homotopic and thus 8 <S)Ox 
must be exact. 

Note that we have 

Hom^^(^ (g) Ox,I) = Hom^^(a,Hom^^(^, J)) = 

Hom;;^„d(x/x)(^U,2:U) = Hom^^(L^(^|^), J). 

As (?)|^ and Lx are exact (|3.19|) . (|3.12|) . the last complex is exact, and we 
are done. □ 

4.22 Corollary. A strongly K-flat complex is K-flat. 

Proof. Follows from the proposition and Lemma f4.2(JI □ 

(4.23) Let A be an abelian category. The category of complexes of objects 
of A is denoted by C{A). For an object 



]p : . . . p^JL^ p 
in C{A), we denote the truncated complex 

1 (7" I 1 

^ Imd"-1 ^ pn±^pn+ld ^ 

by r-"F. Similarly, the truncated complex 



is denoted by r-^F. 

4.24 Lemma. Let (X, Ox) he a ringed site and F G C(AB(X)). 

1 We have O C ^3 C <P anc? C O C ^. 

2 A K-injective complex is weakly K-injective, a weakly K-injective complex 

is strongly K-limp, and a strongly K-limp complex is K-limp. 

3 A tensor product of two strongly K-flat complexes is again strongly K-flat. 
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4 For any M G C(Mod(X)), there is a Q-special direct system F„ and a 

direct system of chain maps {fn '■ F„ r-^H) such that fn is a quasi- 
isomorphism for each n E N, and {¥n)i = for I > n + 2. We have 
limF„ M. is a quasi-isomorphism, and limF„ e Moreover, QM is 
the homotopy colimit of the inductive system (r-^QEI) in the category 
D(Mod(X)). 

5 The following are equivalent. 

i F is K-limp. 

ii F is K-limp as a complex of abelian sheaves. 

iii F is Hom^Q^(-5j-)(Ca., 7) -acyclic for x G X. 

iv F is r(x, l)-acyclic for x G X. 

V //G G ^ and G is exact, then HomJ[^Qj(jj-)(G, F) is exact. 

6 The following are equivalent. 

\ ¥ is strongly K-limp. 

ii F is strongly K-limp as a complex of abelian sheaves. 

iii F IS Hom^^d(x) (^xi,. . ?)-ac2/c/zc for xi,...,Xr EX. 

iv If G E ^ and G is exact, then HomJ^Q^^x) (G, F) is exact. 

V For any G G HomMod(x)(^) ^■^ strongly K-limp. 

7 The following are equivalent. 

i F zs weakly K-injective. 

ii // G is K-fiat exact, then Hom^Q^^x) (G, F) is exact. 

Proof. 1 and 3 are trivial. 2 follows from the definition and Corollary 14.221 
The proof of 4 and 5 are left to the reader, see [311 (5-6), (5.16), (5.17), 
(5.21)]. 

6 Applying Lemma (4. 191 to the canonical functor 

(X,aZ)^(X,Ox), 
we immediately have that i, ii, and iii are equivalent. 
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It is also trivial that these conditions imply iv. We prove iv^ iii. Note 
that by 1 and 4, we have that F is fC-limp. Let ^ : F ^ I be a K- 
injective resolution, and let J be the mapping cone of ^. Take a *P-resolution 
?7 : H — Cxi,...,a;^, and let G be the mapping cone of r]. By assumption, 
HomJ^Q^(x) (^S; J^) is exact. As I is iT-injective, we have HomJ^^^^^) (^S? I) is also 
exact. It follows that HomJ^^^^x) J) is exact. As J is i^-limp exact and EI G 
^, we have Hom^^j^^) (EI) J) is exact. It follows that HomJ^Qj(x-)((9^^^. j.^, J) 
is exact. This is what we want to prove. 

We prove i^v. Let H be an exact complex in Then H ®* G is exact 
by Lemma I4.2UI and belongs to ^, since ^ is closed under tensor products. 
Hence, 

Hom;:,„d(x) (H, Hom;:,„d(x) (G, F) ) = Hom;:,„d(x) (H ®* G, F) 

is exact. By iv^i, Hom */fr,^cy-)(G, F) is strongly i^-limp, as desired. 
The implication v^i is trivial, letting G = Ox- 

7 is proved similarly to 6. □ 
4.25 Corollary. Let (X, Ox) he a ringed site and F, G G C(Mod(X)). 

1 IfWis strongly K-limp and G G then ¥ is Hom '^^^jj-g--, (G, l)-acyclic. 

2 If ¥ is weakly K-injective and G is K-flat, then ¥ is Y[.om \^^^(j^^(Q , ?)- 

acyclic. 

Proof. 1 Let F ^ I be the i^'-injective resolution, and J the mapping cone. 
Let p : HI ^ HomMod{x) (^) J) be a ^-resolution. As HI (g)' G lies in ^ and J 
is strongly i^-limp exact, 

Hom;:,„d(x)(H,Hom^„d(x)(G, J)) = Hom;:,„d(x) (H ®- G, J) 

is exact. So p must be null-homotopic, and hence Hom '^^^^Y) (G, J) is exact. 
This is what we wanted to prove. 

2 is similar, and we omit it. □ 

(4.26) Let (X,Ox) be a ringed site. For G G C(Mod(X)), it is easy to 
see that G®^^? induces a functor from K(Mod(X)) to itself. By the lemma 
and [ini Theorem 1.5.1], the derived functor L(G®0^?) is induced, and it is 
calculated using any ii'-flat resolution of ?. If we fix ?, then L{Q®q^J) is a 
functor on G, and it induces a bifunctor 

*®^^? : L)(Mod(X)) X D{Mod{X)) D(Mod(X)). 
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G®Q^F is calculated using any i^-fiat resolution of F or any i^-fiat resolution 
of G. Note that ®*q^ is a A-functor as in 23, (2.5.7)]. 
We define the hyper Tor functor as follows: 

Torf^fF, G) := H-\¥ G). 

(4.27) Let (X,Ox) be a ringed site. For F G C(Mod(X)), the functor 
Hom^^(F,?) induces a functor from i\:(Mod(X)) to itself. As Mod(X) is 
Grothendieck, we can take ii'-injective resolutions, and hence the right de- 
rived functor -R Hom *o„(F, ?) is induced. Thus a bifunctor 

i?Hom0^(*,?) : D(Mod(X))°P x D(Mod(X)) ^ D(Mod(X)) 

is induced. For F, G G D(Mod(X,)), we define the hyper Ext sheaf of F and 
Gby 

Ext^c.jF,G) :=if*(i?Hom^^(F,G)). 
Similarly, the functor Hom0^(*,?) induces 

i?Homox(*,?) : D(Mod(X))°P x D(Mod(X)) D(Ab). 

Almost by definition, we have 

i/*(/2Homo,(F,G)) ^ HomB(Mod(x))(F, G[z]). 

Sometimes we denote these groups by Ext0jj(F, G). 

4.28 Lemma. Let (X, Ox) be a ringed site. Then D(Mod(X)) is a closed 
symmetric monoidal triangulated category with its product and R Yiom' ^A* , ?) 
its internal hom. 

Proof. This is straightforward. 

4.29 Lemma. Let f : (Y, Oy) — > (X, Ox) be an admissible ringed continuous 
functor. Then the following hold: 

1 //I G C(AB(X)) is a K-injective {resp. strongly K-limp, K-limp) complex 

of sheaves of abelian groups, then so is ff^I. 

2 //F G C(Mod(Y)) is strongly K-flat and exact, then /|^°'^F is strongly 

K-flat and exact. 

3 //I G C(AB(X)) is K-limp and exact, then so is /^gl. 
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Proof. As /*g has an exact left adjoint /^^, the assertion for ii'-injectivity 
in 1 is obvious. 

We prove the assertion for the i^-hmp property in 1. Let P G ^(Y) be 
an exact complex. As /^^ is exact, /^^P is exact and a complex in ^(X) by 
Lemma (4. 191 Hence, 

HomlB(^)(P,/#3l) = HomlB(^)(/|i^P,I) 

is exact. This shows is i^T-limp. The proof for the strongly i^T-limp 
property is similar. 

We prove 2. We already know that /#F is strongly i^-flat by Lemma [4. 191 
We prove that Hom;;^„d(x)(/# ""^^^ I) is exact, where t] : /|^°^F ^ I is a TT- 
injective resolution. Then rj must be null-homotopic, and we have /^°*^F is 
exact and the proof is complete. Clearly, I is strongly i^-limp, and hence 
so is /Mod-''- 1 and Lemma 14.241 6. The assertion follows immediately by 
adjunction. 

We prove 3. Let ^ : F ^ f*^I be a «P(AB)-resolution of ff^I. It suffices to 
show Hom^B(-Y)(F, ff^I) is exact, which is obvious since /^^F G ^(AB). □ 

(4.30) By the lemma, there is a derived functor Lf^""^ : L'(Mod(Y)) 
Z)(Mod(X)) of f^°'^ for an admissible ringed continuous functor /. It is 
calculated via strongly i^-flat resolutions. By the same lemma, we also know 
that a i^T-limp complex is /^-acyclic, if / is admissible. 

Now as in [HH section 6] and |2S], the following is proved. 

4.31 Lemma. Let S be the category of ringed sites and admissible ringed 
continuous functors. Then -R(?)Mod) ^■^ ^ monoidal adjoint pair of 

A-pseudofunctors on . 

The proof is basically the same as that in ^Hl Chapter 1-3], and left to 
the reader. We only remark how the structure maps (i.e., natural transforma- 
tions) which are necessary to prove the assertion are defined. For example, 
the unit of adjunction m : Id — >■ (i?/*)(L/#) is the unique map which makes 
the diagram 

Q ^ {Rf#){Lf#)Q 

Qf*f# ^ {Rf*)Qf# 

commutative. See [23 Chapter 3] for more. 
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4-32 Remark. The author does not know if preserves i^-flatness of 

complexes or exactness of i^"-flat complexes. This is true if Y has finite 
limits and / preserves finite limits. This condition is satisfied by morphisms 
of ringed spaces. The author does not know if *P is closed under tensor 
products. On the other hand, strongly i^'-flat resolutions can be used to 
calculate both the derived tensor products and Lf^. The class of strongly 
K-Rat resolutions are closed under tensor products and preserved by and 
this is enough to prove Lemma f4. 3 11 

5 Sheaves over a diagram of S*- schemes 

(5.1) Let 5* be a scheme, and I a small category. We call an object of 
Sch / S) an /-diagram of ^-schemes, where Sch / S denotes the category 

of S'-schemes. So an object of V{I, Sch / S) is referred as an /"^-diagram of 5"- 
schemes. Let X, E V{I, Sch / S). We denote X,{i) by Xj for i E I, and 
by for G Mor(J). Let P be a property of schemes (e.g., quasi-compact, 
locally noetherian, regular). We say that X, satisfies P if Xj satisfies P for 
any i E I. Let Q be a property of morphisms of schemes (e.g., quasi-compact, 
locally of finite type, smooth). We say that X, is Q over 5* if the structure 
map Xj — *■ 5 satisfies Q for any i E I. We say that X, has Q arrows if X^ 
satisfies Q for any (j) G Mor(/). 

(5.2) Let /, : X, ^ Y, be a morphism in V{I, Sch /S). For i e /, we denote 
f,{i) : Xi ^ Yi by /«. For a property Q of morphisms of schemes, we say 
that /, satisfies Q if so does fi for any i E I. We say that /, is of fiber type 
if the canonical map {fj,X^) : Xj Yj Xy. Xj is an isomorphism for any 
morphism : i ^ j of /. 

(5.3) Let 5*, / and X, be as above. We define the Zariski site of X,, denoted 
by Zar(X,), as follows. An object of Zar(X,) is a pair [i, U) such that i E I 
and U is an open subset of Xj. A morphism {(f),h) : {j,V) — > {i,U) is a 
pair {(j),h) such that E and h : V —>■ U is the restriction of X^. 
For a given morphism (p : i ^ j, U, and V, such an h exists if and only 
if C X^^{U), and it is unique. We denote this h by h{(l);U,V). The 
composition of morphisms is defined in an obvious way. Thus Zar(X,) is 
a small category. For {i,U) E Zar(X,), a covering of {i,U) is a family of 
morphisms of the form 

AeA 
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such that Uasa = U- This defines a pretopology of Zar(X,), and Zar(X,) 
is a site. As we will consider only the Zariski topology, a presheaf or sheaf 
on Zar(X,) will be sometimes referred as a presheaf or sheaf on X,, if there 
is no danger of confusion. Thus V{X,,C) and S{X,,C) mean 'P(Zar(X,), C) 
and 5(Zar(X,), C), respectively. 

(5.4) Let S and / be as above, and let a : J ^ / be a subcategory 
of /. Then we have an obvious restriction functor a* : V{I ,Sch. / S) — *• 
V{J,Sch. / S), which we denote by (?)|j. If ob(J) is finite and is 
finite for each j E J and i E I, then (?)|j has a right adjoint functor 
cosk;^ = (?)°Pa°P(?)°P, because Sch/5 has finite limits. See pp. 9-12]. 

(5.5) Let X, G 7^(1, Sch /S). Then we have an obvious continuous functor 
Q{X,, J) : Zar((X,)|j) ^ Zar(X,). Note that Q{X,, J) may not be admis- 
sible. The restriction functors Q{X,,i)'^^ and Q(X,, J)*^ are denoted by 

and respectively. For i E I, we consider that i is the subcate- 

gory of / whose object set is {i} with Homj(i,'i) = {id}. The restriction (?)^ 
is defined. 

(5.6) Let JF G PA(X,) and i E I. Then JF^ G PA(Xi), and thus we have a 
family of sheaves {J-'ijazi. Moreover, for (z, U) G Zar(X,) and cj) : i ^ j, we 
have the restriction map 

r(t/,j-,) =r((z,[/),^)^r((j,x^-i(f/)),^) = r(x^-i(f/),^,) = r(t/,(x^),^,), 

which induces 

P<p{J^) G HompA(x,)(-^i> {X^)^J^j). (5.7) 

The corresponding map in HompA(Xj)((-^fli)pA(-^i)) -^j) is denoted by a^^{J^). 
If is a sheaf, then ()5.7p yields 

af (^) G HomAB(x,)((X^)lB(-^.),-^.)- 

It is straightforward to check the following. 
5.8 Lemma ([7j). Let \\ he either AB or PA. The following hold: 

1 For any i E I, we have aj^^ : (XidJJ(JFj) — jFj is the canonical identifica- 
tion. 
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2 If (f) E 1(1, j) and ip e k), then the composite map 

{X^^);{T,) - (5.9) 
agrees with a^^. 

3 Conversely, a family {{Gi)i&i, {a^)<peMor{i)) such that Qi G \\{Xi), e 

}lom.\^(^Xj){{Xrj))'^{Qi),Qj) for e I{h3), and that the conditions corre- 
sponding to 1,2 are satisfied yields Q e ^{X,), and this correspondence 
gives an equivalence. 

Similarly, a family ((^j)j6ob(/), (/3^)</.eMor(/)) with 

Gi e ^{Xi) and e Rom^^^x,){Gi, {X^)lQj) 

satisfying the conditions 

1' For i G ob(/), Pi^i '■ Qi (idi)*^i is the canonical identification; 
2' For (f) e /(i, j) and -0 € I{3, k), the composite 



agrees with 

are in one to one correspondence with Q e ^{X,). 

(5.10) Let J- e AB(X,). We say that is an equivariant abelian sheaf 
if are isomorphisms for all G Mor(/). For G PA(X,), we say 
that is an equivariant abelian presheaf if are isomorphisms for all 
(j) G Mor(/). An equivariant sheaf may not be an equivariant presheaf. 
However, an equivariant presheaf which is a sheaf is an equivariant sheaf. 
We denote the category of equivariant sheaves and presheaves by EqAB(X,) 
and EqPA(X,), respectively. As (X<^)J is exact for \\ = AB, PA and any 0, 
we have that EqAB(X,) is plump in AB{X,), and EqPA(X,) is plump in 
PA(X.). 

(5.11) Let X, G V{I, Sch /S). The datum 

gives a sheaf of commutative rings on X,, which we denote by Ox,, and thus 
Zar(X,) is a ringed site. The categories PM(Zar(X,)) and Mod(Zar(X,)) are 
denoted by FM{X,) and Mod(X,), respectively. 
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(5.12) For J C /, we have Ox.\j = {Px.)j by definition. The continuous 
functor 

Q(X., J) : (Zar(X.|j),Ox.|J ^ (Zar(X.), Ox.) 

is actually a ringed continuous functor. 

The corresponding restriction Q(X,, J)* is denoted by (?) j for t] = PM, Mod. 

For subcategories Ji C J C / of /, we denote the restriction (?)j^ : t](X,| j) — >• 
t](X,|jJ is denoted by (?)j^ j, to emphasize J. 

(5.13) Let t] be PM or Mod. Note that M G tl(X,) is nothing but a family 

Dat(A<) := ((A^i)ig/, (aJ)0eMor(/)) 

such that G tl(Xj), : (X<^)J(7\/ii) is a morphism of \\{X,) for 

any (p : i ^ j, and the conditions corresponding to 1,2 in Lemma 15.81 are 
satisfied. 

We say that Ai G \\{X,) is equivariant if is an isomorphism for any 
G Mor(/). Note that equivariance depends on \\, and is not preserved by 
the forgetful functors in general. We denote the full subcategory of Mod(X,) 
consisting of equivariant objects by EM(X,). 

6 The left and right inductions and the direct 
and inverse images 

Let / be a small category, S a scheme, and X, G V{I, Sch /S). 

(6.1) Let J be a subcategory of /. The left adjoint Q{X,, J)^ of (?)j 

(see dnini)) is denoted by lJ, for [\ = PA, AB, PM, Mod. The right adjoint 
Q{X,, J)^ of (?) J, which exists by Lemma 13.181 is denoted by -Rj for \\ = 
PA, AB, PM, Mod. We call Lj and -Rj the left and right induction functor, 
respectively. 

Let Ji C J C / be subcategories of /. The left and right adjoints of 
(?)j^ J is denoted by L^jj^ and -Rj j^, respectively. As (?)j has both a left 
adjoint and a right adjoint, we have 

6.2 Lemma. The functor (?)j preserves arbitrary limits and colimits {hence 
IS exact) for \\ = PA, AB, PM, Mod. 

The functor \\{X,) Yliei'^^-^i') by JF i-^ is faithful for 

t] = PA,AB,PM,Mod. 
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(6.3) Let /, : X, — ^ Y, be a morphism in V{I,Sch / S). This induces an 
obvious morphism 

f,' : (Zar(y.),Oy.) ^ (Zar(X.), O^.) 

of ringed sites. We have id~^ = id, and ((7.0/.)^^ = f,^°g,^ for g, ^ Z,. 

We define the direct image {f,)\ to be {f^^)f, and the inverse image 
to be {f-% for t] = Mod, PM, AB, PA. 

6.4 Lemma. Let f, : X, ^ Y, he a morphism in P(/,Sch/S'), and K C 
J C I. Then we have 

1 Q{X„J)oQ{X,\j,K) = Q{X.,K) 

2 f,' o QiY., J) = Q{X„ J) o {f.\j)-\ 

(6.5) Let us fix I and S*. By Lemma r3.14[ we have various natural maps be- 
tween functors on sheaves arising from the closed structures and the monoidal 
pairs, involving various J-diagrams of schemes, where J varies subcategories 
of /. In the sequel, many of the natural maps are referred as 'the canonical 
maps' or 'the canonical isomorphisms' without any explicit definitions. Many 
of them are defined in and various commutativity theorems are proved 
there. 

6.6 Example. Let J be a small category, S a scheme, and /, : X, — >■ Y, 
and g, : Y, ^ Z, are morphisms in V{I,Sch./S). Let K G J G I he 
subcategories, and \\ denote PM, Mod, PA, or AB. 

1 There is a natural isomorphism 

c 

Taking the conjugate, 

"'I,J,K • ^I,J ° ^J,K = ^I,K 

is induced. 

2 There is a natural isomorphism 

4,/. :(?)io(/.)^ = (/.|i)^(?)i 

and its conjugate 

d\f.--L]oif,\j);^{f.);oL\. 



^I,J,K ■ \- JKJ — \ - IKJ " \ - JJJ- 
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3 We have 



K,f.\j 



° 4,/. ° ((c 



4 We have 




5 The canonical map 



H : Mj AG ^ (A< J\f)j 



is an isomorphism, as can be seen easily. The canonical map 



A : Lj{M ®o^. Af) ^ (LjM) ®Ox. (LjAf). 



is defined, which may not be an isomorphism. 

7 Operations on sheaves via the structure data 

Let / be a small category, 5* a scheme, and V := V{I ,Sch. / S). To study 
sheaves on objects of V, it is convenient to utilize the structure data of 
them, and then utilize the usual sheaf theory on schemes. 

(7.1) Let X, e P. Let t] be any of PA, AB, PM, Mod, and M,Af E ^(X.). 
An element (ipi) in Hom^(x,)(A4i, M) is given by some G Hom^(x.)(A^, A/") 
(by the canonical faithful functor \]{X,) — > Yl t](^j))) if ^-iid only if 



holds (or equivalently, P^{J\f) oipi = (X(^)*y9j o p^(^J\A) holds) for any {(p : i ^ 
i) e Mor(/). 

We say that a family of morphisms between structure data 



is a morphism of structure data if ipi is a morphism in \\{Xi) for each i, and 
fl7.2p is satisfied for any cj). Thus the category of structure data of sheaves, 
presheaves, modules, and premodules on X,, denoted by S)[,(X,) is defined, 
and the equivalence Dat^ : \\{X,) = S)^(X,) is given. This is the precise 
meaning of Lemma 15.81 



iPj o a^{M) = a^{Af) o {X^)l{ipi) 



(7.2) 
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(7.3) Let X, eV and M,M e Mod(X,). As in Example El 5, we have 
an isomorphism 

mi : Mi ®Ox^ M = {M ®Ox. 
This is trivial for presheaves, and utilize the fact the sheafification is com- 
patible with (?)j for sheaves. Under this identification, the structure map 
oi M.® M can be completely described via those of M. and M . Namely, for 
(p G a^{A4 ® Af) agrees with the composite map 

x;{M®Af),^^^^x;{M,(»^i) ^ x;M,®x;M^^^^M,®M'^{M®M)y 

This can be checked directly at the presheaf level, and then sheafify them. 

(7.4) Let X, G V, and J a subcategory of /. The left adjoint functor 
Lj = J)^ of is given by the structure data as follows explicitly. 
For M e \\{X,\j) and iel,we have 

7.5 Lemma. There is an isomorphism 

Xj,:{L^j{M))^ = lun{X^);{M,), 

/ 70p ^^Op\ 

where the colimit is taken over the subcategory {II )°p of I /i whose 

objects are {(p : j —>■ i) E I /i with j G ob(J) and morphisms are morphisms 
if of I/i such that ip G Mor(J). 

In particular, we have an isomorphism 

A,. : {L]{M))\ = {X^);{M,). (7.6) 

0G/{i,j) 

(7.7) Let ip : i ^ i' he a morphism. The structure map 

: {X^);{{L^j{M))t} - {L]{M))l 

is induced by 

ix^);iix^);iM,)) = ix^^);iM,). 

(7.8) The counit map e : Lj(?)j Id is given as a morphism of structure 
data as follows. 

: (?).Lj(?)j ^ (?), 

agrees with 

(?).^.(?).^iimx;(?),(?), - limX;(?),i^(?)„ 

where a is induced by : 
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(7.9) The unit map m : Id — (J)jLj is also described, as follows. 

: (?). - ir)A'^)jLj 

agrees with 



[?), - id;(?), ^ limX;(?),-^(?),L, = (?),(?),L,, 



where the colimit is taken over (/ )°p 



(7.10) Let X, E V, and J a subcategory of I. The right adjoint functor i?j 
of is given as follows explicitly. For Ai G t](X,|j) and i G /, we have 



p^'^ : (i?^(A1))5 = \uniX^)liM,), 

where the limit is taken over see fj3.4p for the notation. The descrip- 

tion of a, M, and e for the right induction are left to the reader. 

7.11 Lemma. Let X, G V, and J a full subcategory of I . Then we have the 
following. 

1 The counit of adjunction e : (?) j o -Rj Id is an isomorphism. 

2 The unit of adjunction u : Id —> (?)j o Lj is an isomorphism. 
Proof. 1 For i E J, the restriction 

: (?)S(?)ii?iA^ = lim(X^)^(A^,) ^ = (?),>! 

is induced by /3,/,'s, where the limit is taken over (0 : i ^ j) G As J 

is a full subcategory, we have I^'^^^^ equals z/J, and hence it has the initial 
object idj. So the hmit is equal to A^j, and Si is the identity map. Since Si 
is an isomorphism for each i E J, we have that e is an isomorphism. 

The proof of 2 is similar, and we omit it. □ 
Let C be a small category. A connected component of C is a full subcat- 
egory of C whose object set is one of the equivalence classes of ob(C) with 
respect to the transitive symmetric closure of the relation ~ given by 

c ~ c' ^ C(c, c') ^ 0. 

7.12 Definition. We say that a subcategory J of / is admissible if 
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1 For i E I, the category (^j^-^'^^^yp is pseudofiltered. 

2 For j G J, we have idj is the initial object of one of the connected compo- 

nents of Ij'^'^^^- 

Note that for j G /, the subcategory j = ({j}, {idj}) of I is admissible. 

In Lemma 17.51 the colimit is pseudo-filtered and hence it preserves ex- 
actness, if 1 is satisfied. As in the proof of Lemma 17.111 is a direct 
summand of (?)j o Lj for j G J so that Lj is faithful, if 2 is satisfied. We 
have the following. 

7.13 Lemma. Let X, G 7^(7, Sch /S), and K G J G I be admissible sub- 
categories of I . Then L^j\ is faithful and exact. The morphism of sites 
Q{X,\j, K) is admissible. If, moreover, is fiat for any (j) G I{k,j) with 
j E J and k E K , then L^j is faithful and exact for \ = Mod, PM. 

(7.14) As in Example 16.61 2, we have an isomorphism 

Qj. :(?). o (/.). = (/.). o (?),. (7.15) 
The translation a^f, is described, as follows. For G I{i,j), 

Mf.)* ■■ (y^^rmf.)* - (?).(/.)* 

agrees with 



where 9 is the map defined and discussed in j2Sl (3.7.2)]. One of the defini- 
tions of 9 is the composite 

: {Y^nf.).^{Y^nfi)*iX^)*W = 

{Y<,>nYMfMx<,>r^{fMx,r. (7.17) 

7.18 Proposition. Let f, : X, ^ Y, be a morphism inV,Ja subcategory 
of I , and i E I. Then the composite map 



Lj{f.\j)^^mf.),Lj '-^{f,)^{7),Lj 
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agrees with the composite map 



via A T . via Ca f. I ^ 

— ^!imy;(?),(/.|,), — ^iimy;(/,).(?), 

■.^ a via A , ^ 



Proof. Note that ^ in the first composite map is the composite 
9 = 9iJ, /.) : Ljif.\j),^Ljif.\j),i7)jLALj{7)j{f.),Lj^if.),Lj. 

The = at the middle is the identity as a morphism of structure data. The 
description of u and e are aheady given, and the proof is reduced to the 
iterative use of ()7.7|) . ()7.8|) . ()7.9|) . and ()7.14p . The detailed argument is left 
to a patient reader. The reason why the second map involves 9 is (I7.14p . □ 
Similarly, we have the following. 

7.19 Proposition. Let /, : X, ^ Y, be a morphism in V, J a subcategory 
of I, and i & I. Then the composite map 

agrees with the composite map 



via A J i 



{fi)*{%Lj ^(/,)MhnF;(?),- = limX*(/, 



limX;(?),(/.|,)-^^(?).L,(/.| j)*. 

The proof is left to the reader. The proof of Proposition 17. 18l and Propo- 
sition 17.191 are formal, and the propositions are valid for t] = PM, Mod, PA, 
and AB. 

Let /, : X, — i> Y, be a morphism in P, and J C / a subcategory. The 
inverse image is compatible with the restriction (?)j. 

7.20 Lemma. The natural map 

o^ = o^{f..j):m\j);o{i)j^{i)jo{f,); 

is an isomorphism for \ = PA, AB, PM, Mod. In particular, f^^ : Zar(y,) — ^ 
Zar(X,) is an admissible continuous functor. 
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Proof. Note that 9 is the composite map 

see 1221 (3.7.2)]. 

We construct a natural map 

v-m\j);oi?)j^i?)joif.);, 

for the case where \] = PM. 

Let M e PM(y.), and (j, U) G Zar(X.| j). We have 

r((j, u), {f.ljYMj) = iimr((j, u), Ox.) ®m',v),or.) r((j', v),m), 

where the cohmit is taken over {j', V) G (-^q (/") )°^- On the other hand, we 
have 

r((j, u), {7)jf:M) = iimr((j, u), Ox.) ^myioy.) r{{t, v),m), 

where the cohmit is taken over {i,V) G (/J[7))°P- There is an obvious map 
from the first to the second. 

To verify that this is an isomorphism, it suffices to show that the category 

[r^'^^^'Y^ is final in the category {r^'jj-^)°^. In fact, any (0, /i) : (j, f/) — *■ 

{i, f^^{V)) with {i,V) G Zar(Y,) factors through 

K-,/i):(j,f/)-.(j,/ri(F^)-i(\/)). 

Hence, 77^, is an isomorphism for t] = PM. The construction for the case 
where t] = PA is similar. As (?)j is compatible with the sheafification by 
Lemma I3.18[ an isomorphism 77 for \\ = Mod, AB is also defined. 

In any case, it is straightforward to check that the diagram 

^ 

J, via u J, via Ji (7.21) 

(/.|j).(/.|j)*(?)j ^ (/.|j)*(?)j/: (?)j(/.)j: 

is commutative. By the definition of 9 and the identity (^(/.l j)*)o((/«| j)*m) = 
id, it is easy to check that ri~^9 = id. This shows 9 = rj, and we are done. □ 
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7.22 Lemma. Let the notation be as above, and Ai,Af & Then the 

diagram 

i A i (?)./A 

if.\j);Mj®if.\j);Mj ^ iif.);M)j0i{f.);M)j ^ ® 

(7.23) 

is commutative. 

Proof. This is an immediate consequence of Lemma 12.271 □ 

7.24 Corollary. The adjoint pair ((?)Mod) C^)^"*^) (^'^^''^ the category V{I, Sch / S) 
is Lipman. 

Proof. Let /, : X, — > Y, be a morphism of V{I,Sch./S). The morphism 
rj : f*OY, —>■ Ox, is an isomorphism, like any such morphism arising from a 
ringed continuous functor. Let us consider Ai,// E \]{Y,). To verify that A 
is an isomorphism, it suffices to show that 

(?),A : (/:(A^ ® AT)), ^ {f:M ® flM), 

is an isomorphism for any i G ob(/). Now consider the diagram (j7.23p for 
J = i. Horizontal maps in the diagram are isomorphisms by ()7.3|) and ()7.20|) . 
The left A is an isomorphism, since is a morphism of single schemes. By 
Lemma f7.22[ (?)iA is also an isomorphism. □ 

(7.25) The description of the translation map is as follows. For e 

: X;{1)J: ^ (?),/: 

is the composite 

xi{%f:^^x;f:{% = /;f;(?),^/;(?)^.1.(?)^./;. 

(7.26) Let X, G V, and Ai,^/ E \\{X,). Although there is a canonical map 

(?), : EoEHiix.)iM,Af)i ^ Eom^(^x,)iMi,M) 

arising from the closed structure for i E I, this may not be an isomorphism. 
However, we have the following. 
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7.27 Lemma. Let i & I . If Ai is equivariant, then the canonical map 

is an isomorphism. 

Proof. It suffices to prove that 

Hi : Hom^(Zar{x.)/(i,i/))(-^|(i,i/), A/'|(i,t/)) —> Hom^([/)(A<i|(/,M|(/) 

is an isomorphism for any Zariski open set U in Xj. 

To give an element of ip e Hom^(Zar(x.)/{j,(7))(-A/i A/'|(i,c/)) is the same 
as to give a family {{p^)^,i^j with 

(f^ e Hom^(^-i(^))(A1j|^-i(^),A/'j|^-i(f;)) 

such that 

o {a^{M))\x-i^u^ = MAf))\x-\u) ° ii^4')\x-'(u)T^iy^idJ- 

As a^{A4) is an isomorphism for any : i — > j, we have that such a (ip^) is 
uniquely determined by ipid^. Hence Hi is bijective, as desired. □ 

7.28 Lemma. Let J be a subcategory of I . If M. is equivariant, then the 
canonical map 

Hj : Hom^(^.)(A<,Ar)j ^ Hom^(^^)(A^j, A/}) 
is an isomorphism. 
Proof. It suffices to show that 

(Hj), : (Hom^(^.)(A4,A/')j)i ^ Hom^(^^)(A<j,AG)i 
is an isomorphism for each i E J. By Lemma I2.1(J1 the composite map 

^ Hom^(x,) (Mj, AO) A Hom^(xo (-^^ 

agrees with Hi. As A^j is also equivariant, we have that the two Hi are 
isomorphisms by Lemma \7.27\ and hence {Hj)i is an isomorphism for any 
i e J. □ 



41 



(7.29) By the lemma, the sheaf Hom i^^y^^fAl, A/") is given by the collection 

provided M. is equivariant. The structure map is the canonical composite 
map 

: (X^)JHcm^(^^)(M,Ar,)^Hom^(^^,)((^^^ 

^ Hom^(;f .) {MjMj)- 

Similarly, the following is also easy to prove. 
7.30 Lemma. Let i & I he an initial object of I. Then the following hold: 

1 If M. & \\{X») is equivariant, then 

(?)i : Hom^(x.)(M,AA) ^ Hom^(x,)(A<i,A/;) 
is an isomorphism. 

2 (?)j : EM(X,) — > Mod(Xj) is an equivalence, whose quasi-inverse is Li. 

The fact that Li{J\4) is equivariant for A4 G Mod(Xj) is checked directly 
from the definition. 

8 Quasi- coherent sheaves over a diagram of 
schemes 

Let / be a small category, 5" a scheme, and X, e V{I, Sch /S). 

(8.1) Let M. e Mod(X,). We say that A4 is locally quasi-coherent (resp. 
locally coherent) if M.i is quasi-coherent (resp. coherent) for any i e L We 
say that Ai is quasi- coherent if for any {i,U) e Zar(X,) with U = Spec74 
being affine, there exists an exact sequence in Mod(Zar(X,)/(i, [/)) of the 
form 

iOx.k,u)Y^^ ^ iOxM,u)Y''^ ^ M\i^,u) ^ 0, (8.2) 
where T and S are arbitrary small sets. 

8.3 Lemma. Let M. G Mod(X,). Then the following are equivalent. 
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1 A4 is quasi- coherent. 

2 M. is locally quasi- coherent and equivariant. 

3 For any morphism (0, h) : (j, V) — > {i, U) in Zar(X,) such that V = 

Spec B and U = Spec A are affine, the canonical map B(^A^{{h U),A4) —>■ 
r{{j,V),Ai) is an isomorphism. 

Proof. 1^2 Let i E I and U an affine open subset of Xj. Then there 
is an exact sequence of the form ()8.2j) . Applying the restriction functor 
Mod(Zar(X,)/(i, f/)) — > Mod{U), we get an exact sequence 

which shows that Mi is quasi-coherent for any i G /. We prove that a^{Ai) 
is an isomorphism for any : z — j, to show that Ai is equivariant. Take an 
affine open covering (Ux) of Xi, and we prove that a0(A^) is an isomorphism 
over X^^{Ux) for each A. But this is obvious by the existence of an exact 
sequence of the form (j8.2j) and the five lemma. 

2^3 Set W := X^^(f/), and let l : V ^ W he the inclusion map. 
Obviously, we have h = {X^)\w ° l. As is equivariant, we have that the 
canonical map 

a^lwiM) : iX^)\w*Modi^i)\u ^ iMj)\w 

is an isomorphism. Applying t^^^ to the isomorphism, we have that ^Mod((-^«) Ic^) — 
{A4j)\v- The assertion follows from the assumption that A^j is quasi-coherent. 

3=^1 Let {i, U) G Zar(X,) with U = Spec A affine. There is a presentation 
of the form 

j^{T) ^ ^ Y{{i,U),M) ^ 0. 

It suffices to prove that the induced sequence ()8.2|) is exact. To verify this, 
it suffices to prove that the sequence is exact after taking the section at 
((0, h) : (j, V) (z, U)) G Zar(X,)/(i, U) with V = Spec 5 being affine. We 
have a commutative diagram 

B(^aA^^^ 5®Av4(^) ^ B®T{{i,U),M) 

^ ^ T{{j,V),M) ^ 

whose first row is exact and vertical arrows are isomorphisms. Hence, the 
second row is also exact, and (j8.2|) is exact. □ 
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8.4 Definition. We say that Ai G Mod(X,) is coherent if it is equivariant 
and M-i is coherent for any z G /. We denote the full subcategory of Mod(X,) 
consisting of coherent objects by Coh(X,). 

(8.5) Let J C / be a subcategory. We say that J is big in / if for any 
{tp : j —>■ k) & Mor(J), there exists some {(f) : i j) & Mor(J) such that 
o G Mor(J). Note that ob(J) = ob(/) if J is big in /. Let Q be a 
property of morphisms of schemes. We say that X, has Q J-arrows if {X,)\j 
has Q-arrows. 

8.6 Lemma. Let J G I be a subcategory, and A4 G Mod(X,). 

1 The full subcategory LQco(X,) of Mod(X,) consisting of locally quasi- 

coherent objects is a plump subcategory. 

2 If Ai is equivariant {resp. locally quasi- coherent, quasi- coherent) , then so 

IS M^""^. 

Z If J is big in I and A4\^°'^ is equivariant {resp. locally quasi- coherent, 
quasi- coherent) , then so is Ai. 

4 If J is big in I and X, has flat J-arrows, then the full subcategory EM(X,) 

{resp. Qco(X,)) of Mod(X,) consisting of equivariant (resp. quasi- 
coherent) objects is a plump subcategory. 

5 If J is big in I, then (?)j is faithful and exact. 

Proof. 1 and 2 are trivial. 

We prove 3. The assertion for the local quasi- coherence is obvious, be- 
cause we have ob( J) = ob(/). By Lemma lHT^l it remains to show the assertion 
for the equivariance. Let us assume that M. 1^°^^ is equivariant and ijj : j ^ k 
be a morphism in /, and take cj) : i ^ j such that 0, ipip G Mor(J). Then the 
composite map 

(X^^)^„,(^,) - (X^)^,,(X^)^,,(^.) """-^^ •. ^x^Y^^,{M,)^M,, 

which agrees with a^^'^, is an isomorphism by assumption. As we have 

is also an isomorphism, we have that is an isomorphism. Thus M. is 

equivariant. 
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4 By 1 and Lemma 18. 3( it suffices to prove the assertion only for the 
equi variance. Let 

Ml M2 M3 M4 M5 

be an exact sequence in Mod(X,), and assume that A4i is equivariant for 
i = 1,2,4,5. We prove that A^s is equivariant. The sequence remains exact 
after applying the functor By 3, replacing / by J and X, by 

we may assume that X, has flat arrows. Now the assertion follows easily 
from the five lemma. 

The assertion 5 is obvious, because ob(J) = ob(/). □ 

8.7 Lemma. Let be a diagram in Mod(X,). // each Mx is locally 
quasi- coherent {resp. equivariant, quasi- coherent) , then so is lim Aix. 

Proof. As (?)j preserves colimits, the assertion for local quasi-coherence is 
trivial. Assume that each A4x is equivariant. For (0 : i — » j) G Mor(J), 
<y^{-M.x) is an isomorphism. As a<^(limA^A) is nothing but the composite 

iX^)l,,,{{\imMxh) =\im{X^)l,^,{Mxh— ^lim(-^A), = (hm^A),, 

it is an isomorphism. The rest of the assertions follow. □ 
By Lemma f7.4l we have the following. 

8.8 Lemma. Let J G I be a subcategory, and M. G LQco(X,|j). Then we 
have L^°'^{M) G LQco(X.). 

Similarly, we have the following. 

8.9 Lemma. Let j G /. Assume thatX, has separated quasi-compact arrows, 
and that I{i,j) is finite for any i E I. If M. E Qco(Xj), then we have 
RjM G LQco(X,). 

The following is also proved easily, using ()7.3p . 

8.10 Lemma. Let A4 and M be locally quasi- coherent {resp. equivariant, 
quasi- coherent) Ox.-'modules. Then M. ®Ox, ^■^ ^^^o locally quasi- coherent 
{resp. equivariant, quasi- coherent). 

The following is a consequence of the observation in (j7.29|) . 
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8.11 Lemma. Let M. he a coherent Ox.-fnodule, and M a locally quasi- 
coherent Ox. -'module. Then }lom ^^^,^j^^^(Ai , Af) is locally quasi-coherent. 
If, moreover, there is a big subcategory J of I such that X, has fiat J -arrows 
and M is quasi- coherent, then Hom ^^^p^^Y^-jfA^, A/") is quasi- coherent. 

(8.12) Let /, : X, — > Y, be a morphism in V. 

As 6 in ()7.17|) . which appears in ()7.16p is not an isomorphism in general, 
{f,)\{AA) need not be equivariant even if M. is equivariant. However, we 
have 

8.13 Lemma. Let /, : X, — > Y, be a morphism in V, and J a big subcategory 
of I . Then we have the following: 

1 f, is of fiber type if and only if is of fiber type. 

2 // /, is quasi-compact separated and M. G LQco(X,), then {f,)*{A4) G 

LQco(F.). 

3 IfY, has fiat J -arrows, /, is of fiber type and quasi-compact separated, and 

M e Qco(X.), then we have {f,)^{M) G Qco(F,). 

Proof. 1 Assume that is of fiber type, and let : j — > A; be a morphism 
in /. Take (p : i ^ j such that G Mor(J). Consider the commutative 

diagram 

Afc > Aj ^ Aj 

i fk (a) i /, (b) i /, 

Ik ^ ^ li- 

By assumption, the square (b) and the whole rectangle ((a) + (b)) are fiber 
squares. Hence (a) is also a fiber square. This shows that /, is of fiber type. 
The converse is obvious. 

The assertion 2 is obvious by the isomorphism (/,)*(A/i)j = {fi)*{M.i) 
for i G /, see [IH (9.2.2)]. 

We prove 3. By Lemma f8. 61 we may assume that J = I. Then (/,)^,(7W) 
is locally quasi-coherent by 2. As is equivariant and 6 in (j7.17p is an 
isomorphism by [12, (1.4.15)], we have that {f,)^{M.) is equivariant. Hence 
by Lemma IHISl (/.)*(A/1) is quasi-coherent. □ 
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(8.14) If /, is quasi-compact separated of fiber type and Y, has fiat J-arrows 
for some big subcategory J of J, then (/,)^™ : Qco(X,) — > Qco(Y,) is defined 
as the restriction of (/«)^°'^. 

Similarly, we have the following. 

8.15 Lemma. Let /, : X, — > Y, and g, : Y, Z, be morphisms in V. Then 
the following hold. 

An isomorphism is a morphism of fiber type. 

1 // /, and g, are of fiber type, then so is g,o f,. 

2 // g, and g, o /, are of fiber type, then so is /, . 

3 // /, is faithfully flat of fiber type and g, o /, is of fiber type, then g, is of 

fiber type. 

8.16 Lemma. Let /, : X, —>■ Y, and g, : Y,' Y, be morphisms in V. Let 
fi'-X',^ Y,' be the base change of f, by g,. 

1 If /, is of fiber type, then so is f, . 

2 If f'm is of fiber type and g, is faithfully flat, then /, is of fiber type. 

(8.17) Let f : X —>■ Y he a morphism of schemes. If / is quasi-compact 
separated, then is compatible with filtered inductive limits. 

8.18 Lemma (||21| p. 641, Proposition 6]). Let f : X Y be a quasi- 
compact separated morphism of schemes, and (Aii) a pseudo-filtered induc- 
tive system of Ox -modules. Then the canonical map 

lim f^Mi — > /* lim j 

is an isomorphism. 

By the lemma, the following follows immediately. 

8.19 Lemma. Let /, : X, ^ Y, be a morphism in V{I,Sch./S). If f, 
is quasi-compact and separated, then (/.)^°'^ and (/.)^**^'^° preserve pseudo- 
filtered inductive limits. 
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8.20 Lemma. Let /, : X, — Y, be a morphism in V. Let J be an admissible 
subcategory of I. If Y, has fiat arrows and /, is of fiber type and quasi- 
compact separated, then the canonical map 

9{J,f.):Ljo{fj),^{f.),oLj 

is an isomorphism of functors from LQco(X,|j) to LQco(y,). 

Proof. This is obvious by Proposition 17. 18[ Lemma (8 .181 and |12[ (1.4.15)]. 

□ 

The following is obvious by Lemma 17.201 and ()7.25j) . 

8.21 Lemma. Let /, : X, Y, be a morphism in V. If A4 ^ Mod(Y,) is 

equivariant {resp. locally quasi- coherent, quasi- coherent) , then so is (/•)Mod(-^)- 
If M. & Mod(Y,), /, is faithfully flat, and (/.)Mod('^) equivariant, then 
we have Ai is equivariant. 

The restriction (/,)* : Qco(Y,) Qco(X,) is sometimes denoted by 
(/•)qco- 

9 Derived functors of functors on sheaves of 
modules over diagrams of schemes 

Let / be a small category, and S a scheme. Set V := P(/,Sch /S), and let 
X, e V. 

9.1 Proposition. Let X, e V, and I E K{Mod{X,)). We have I is K-limp 
if and only if so is Ij for i E I . 

Proof. The only if part is proved in Lemma 14.291 

We prove the if part. Let I J be a i^-injective resolution, and let C be 
the mapping cone. Note that Cj is exact for each i. 

Let {U,i) G Zar(X,). We have an isomorphism 

r((t/,z),c)^r(f/,Q). 

As Cj is i^-limp by the only if part, these are exact for each {U, i). It follows 
that I is K-limp. □ 

9.2 Corollary. Let J be a subcategory of I, and f,:X,-^Y,a morphism 
in V{I, Sell /S). Then there is an isomorphism 

c{JJ.):{7)jR{f.). = R{f.\jU7)j. 
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(9.3) Let X he a scheme, x G X, and M an Ox,x-niodule. We define 
lx{M) e Mod(X) by r(f/,^^(M)) = M ii x E U, and zero otherwise. The 
restriction maps are defined in an obvious way. For an exact complex EI of 
Cx,a:-niodules, ^x(M) is exact not only as a complex of sheaves, but also as 
a complex of presheaves. For a morphism of schemes / : X — > F, we have 
that/4,.(M)=e/(.)(M). 

9.4 Lemma. Let ¥ G C(Mod(X,)). The following are equivalent. 

1 ¥ IS K-flat. 

2 ¥i IS K-flat fori G ob(/). 

3 ¥i^x is a K-flat complex of Ox,x-fnodules for any i G ob(/). 

Proof. 3^1 Let G G C{Mod{X,)) be exact. We are to prove that F®o^, G 
is exact. For i G ob(/) and a; G X, we have 

(F ®Ox. G).,. = (F. ®Ox, = ^i,x ®Ox,,. 

Since Gi^x is exact, (F ®Ox- ^ is exact. So F ®Ox. is exact. 

1^3 Let HI G C(Mod((9x,,a;)) be an exact complex, and we are to prove 
that Fj^^. ®Ox- X EI is exact. For each j G ob(/), 

is exact, since a direct product of exact complexes of presheaves is exact. So 
i?j^a;(IHI) is exact. It follows that F ®Ox, -Ri^a;(EI) is exact. Hence 

{:¥®Ox,^iix{m^ = ^^®Ox, H ^^0^^ 

0G/(i,i) 

is also exact. So Fj ®Ox- 6dx(2:)(II) = Fj ®Ox- is exact. So 

(F, ®Ox^ i^mx = ^^,x ®Ox,,^ (e^H). = F,,, ®Ox^,^ H 
is also exact. 

Applying 1-^3, which has already been proved, to the complex Fj over 
the single scheme Xj, we get 2^Z. □ 
Hence by |33) we have the following. 
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9.5 Lemma. Let /, : X, ^ Y, be a morphism in V. Then we have the 
following. 

1 //F G C(Mod(y.)) IS K-flat, then so is /;F. 

2 If¥ e C(Mod{Y,)) IS K-flat exact, then so is /,*F. 

3 //I G C(Mod(X,)) is weakly K-injective, then so is (/,)*!. 

(9.6) By the lemma, the left derived functor Lf*, which we already know 
its existence by Lemma I7.2UI can also be calculated by i^-flat resolutions. 

9.7 Lemma. Let J be a subcategory of I , and f,:X,^Y, a morphism in 
V . Then we have the following. 

1 The canonical map 

e{f.,J):L{f.\jn7)j-^{'!)jLf: 

is an isomorphism. 

2 The diagram 

^ 

J, via u J, via u 

R{f.\j)MMjn^)j ^ R{f.\jUi)jLf: {7)jR{f.)M: 

is commutative. 

3 The diagram 

^ 



via £ 



^ via £ ^ 



is commutative. 

Proof. Since (?)j preserves i^'-flat complexes by Lemma f9.4[ we have 

L{f.\jn^)j = L{{f.\j)o{9)j). 
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On the other hand, it is obvious that we have (7)jLf* = L{{7)jf*). By 
Lemma [7.201 we have a composite isomorphism 

9' : L{f.\jn7)j = L{{f.\.jY o {l)j)I^L{{l)j o /:) - {l)jL{f.y. 

It is straightforward to check the diagram in 2 {9 there should be replaced 
by 9') is commutative utilizing (j7.21|) (note that rj there equals 9). As in the 
proof of Lemma f7. 201 we have 9 = 9', and 1 and 2 are proved. The proof of 
3 is formal, and we omit it. □ 

9.8 Lemma. Let X, G V, and F, G G D(Mod(X,)). Then we have the 
following. 

1 Fj (g)^^ I Gj = (F (g)^^ G)j for any subcategory J d I . 

2 //F and G has locally quasi- coherent cohomology groups, thenTor^' (F, G) 

is also locally quasi- coherent for any ? G Z. 

3 Assume that there exists some big subcategory J of I such that X, has 

flat J -arrows. If both F and G has equivariant (resp. quasi- coherent) 
cohomology groups, then Tor .- ^* (F, G) is also equivariant (resp. quasi- 
coherent). 

Proof. The assertion 1 is an immediate consequence of Lemma 19.41 and Ex- 
ample IHIHl 5. 

2 In view of 1, we may assume that X = X, is a single scheme. As the 
question is local, we may assume that X is even affine. 

We may assume that F = limF„, where (F„) is the ^(X,)-special direct 
system such that each F„ is bounded above and has locally quasi-coherent 
cohomology groups as in Lemma 14.241 4. Similarly, we may assume that 
G = limG„. As filtered inductive limits are exact and compatible with 
tensor products, and the colimit of locally quasi-coherent sheaf is locally 
quasi- coherent, we may assume that both F and G are bounded above, flat, 
and has locally quasi- coherent cohomology groups. By [15, Proposition 1.7.3], 
we may assume that both F and G are single quasi- coherent sheaves. This 
case is trivial. 

3 In view of 1, we may assume that J = I and X, has flat arrows. By 
2, it suffices to show the assertion for equivariance. Assuming that F and 
G are i^'-fiat with equivariant cohomology groups, we prove that F (S> G has 
equivariant cohomology groups. This is enough. 



51 



Let : i ^ j be a morphism of /. As is flat and F and G have 
equivariant cohomology groups, : X^Fj — > ¥j and : — > are 
quasi-isomorphisms. The composite 

x;(F G), ^ x;f, 0^ x;g,^^f, g, ^ (f g),- 

is a quasi-isomorphism, since Fj and X'^i are iiT-flat. By ()7.3p . a^{¥®Q^ G) 
is a quasi-isomorphism. 

As X, has flat arrows, this shows that F ®*c>^ G has equivariant coho- 
mology groups. □ 

(9.9) Let X, G "P, and J an admissible subcategory of /. By Lemma I7.13| 
the left derived functor 

LLf""^ : D(Mod(X.|j)) D(Mod(X.)) 

of L^°^ is defined, since Q(X,, J) is admissible. This is also calculated using 
X-flat resolutions. Namely, 

9.10 Lemma. Let X, and J he as above. If¥E -ft'(Mod(X,| j)) is K-flat, 
then so is Lj¥. If¥ is K-flat exact, then so is Lj¥. 

Proof. This is trivial by (j7.5j) . □ 

9.11 Corollary. Let X, G V{I,Sch. /S), J an admissible subcategory of I, 
and I G i^(Mod(X,)). // I is weakly K-injective, then Ij is weakly K- 
injective. 

Proof. Let F be a K-flat exact complex in i^(Mod(X,| j)). Then, 
Hom^„,(^.l^)(F,I,) - Hom^„,(^.)(L,F,I) 

is exact by the lemma. By Lemma f4.24t 7, we are done. □ 

9.12 Lemma. Let X, and J be as above. Let¥ G -DLQco{x.|j)(Mod(X,| J)). 
Then, Lj¥ G DLQco{x.)(Mod(X.)). 

Proof. This is trivial by the standard spectral sequence argument, if F is 
bounded above. The general case follows immediately by Lemma [4.241 4. □ 
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(9.13) Let / be a small category, and S a scheme. Set V := P(/,Sch /S). 
As we have seen, for a morphism /, : X, Y,, : Zar(Y,) — > Zar(X,) 
is an admissible ringed continuous functor by Lemma 17.201 Moreover, if J 
and K are admissible subcategories of / such that J G K, then Q{X,\j, K) : 
Zar(X,|x) — Zar(X,|j) is also admissible. By Lemma f4. 3 II and Lemma f6.4[ 
we have the following. 

9.14 Example. Let / be a small category, S a scheme, and /, : X, — Y, and 
g, : Y, Z, are morphisms in V{I, Sch /S). Let C J C / be admissible 
subcategories. Then we have the following. 

1 There is a natural isomorphism 

C/,j,K:(?W = (?k,jo(?)^,,. 
Taking the conjugate, 

di,j,K '■ LLi^j o LLj^K — LLi^K 

is induced. 

2 There are natural isomorphism 

CJJ. :(?)jo -i?(/.|^),o(?)^ 
and its conjugate 

djj,:LLjoL{f.\jy = L{f,yoLLj. 

3 We have 

4 We have 

{.R{.g,\j)*Cjj,) O (cj^gMf-)*) = O Cj,g.o/. o ((?)jc7,^3.), 

where Cf,^g, : R{g,of,)^, = R(g,)^oR(^f,)^, is the canonical isomorphism, 
and similarly for Cf,\j^g,\j. 

5 The adjoint pair over the category V{I, Sch/S) is Lip- 

man. 
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It is now quite formal to prove the following. 

9.15 Lemma. Let the notation be as in Example 19.141 Let 9 = 6{J,f,) 

denotes the natural map 

LLjR{f,\j)^ — > R{f,):^LLj 

defined in |23| (3.7.2)]. Then we have the following. 
1 The diagram 

id 

LLj > LLj 



i via M I 



via u 



LLjR{f.\j\L{h\jr ^ RU.\LLjL{f.\jy ^ R{f.\Lf:LLj 

is commutative. 

2 The diagram 

id 

LLj > LLj 

^ via £ '1^ via e 

LLjL{f,\jyRif.\j), ^ L{f.yLLjR{f.\jy ^ L{f.yR{f.),LLj 

is commutative. 

3 Let h, : F,' Y, be a morphism in V. Set X', := Y,' Xy. X,. Let h', : X', 

X, be the second projection, and fi'-X',^ Y,' be the first projection. 
Then the diagram 

LLjL{h,\jyR{f,\jy U L{h,yLLjR{f,\j), ^ L{h,yR{f,yLLj 

LLjR{r,\jyL{K\jy ^ R{r,yLLjL{h',\jy ^ R{r,yL{h',yLLj 

is commutative. 
Proof. Left to the reader. 
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10 The right adjoint of the derived direct im- 
age functor of a morphism of quasi- compact 
separated schemes 

Let X be a quasi-compact separated scheme. 

10.1 Lemma. The following hold: 

1 There is a right adjoint qco(X) : Mod(X) —>■ Qco(X) of the canonical 

inclusion Fx : Qco(X) ^ Mod(X). 

1' qco(X) preserves K-injective complexes. Rqco{X) : D{Mod{X)) — >■ 
D{Qco{X)) is right adjoint to Fx : D(Qco(X)) ^ D(Mod(X)). 

2 The functor Fx : D{Qco{X)) D{Mod{X)) is full and faithful, and 

induces an equivalence D(Qco(X)) — DQco(x)(Mod(X)). 

3 The unit of adjunction m : Id — R(]co{X)Fx is an isomorphism, and 

e : Fx-Rqco(X) Id is an isomorphism on i5Qco(jf)(Mod(X)). 

Proof. See ^H] for 1 • The assertion 1 ' follows from 1 and Lemma 14.111 For 
2, see in]. The assertion 3 follows from 2. □ 
By the lemma, the following follows immediately. 

10.2 Corollary. Let X he a quasi-compact separated scheme. Then Qco(X) 
has enough injectives and has direct products. For anyW G i^'(Qco(X)), there 
is a K-injective resolution ¥ —>I such that each term of I being an injective 
object of Qco(X). 

In fact, if Fx¥ — J is a iiT-injective resolution such that each term of J is 
injective, then the corresponding F —>■ qcoj is still a quasi-isomorphism by 
the lemma, and this is a desired i^'-injective resolution. 

(10.3) Let / : X — * y be a quasi-compact separated morphism of schemes. 
Then : Qco(X) Qco(r) is defined, and we have Fyo/Q™ ^ /f "'^oFy, 
where Fy and Fx are the forgetful functors. By the corollary, there is a right 
derived functor Rf^'^° of f^'^°. 

10.4 Lemma. Let f : X Y be a morphism of schemes. Assume that both 
X and Y are quasi-compact separated. Then, we have the following. 
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1 The canonical maps 



Fy o - R{Fy o /Q™) - °d O Fx) Rf^'"' o Fx 

are all isomorphisms. 

2 There are a left adjoint F of Rf^^° and an isomorphism FxF = Lf^^^Fy. 

3 There is an isomorphism 

Rf^'°R qco = i?qcoi?/f°<^. 

Proof. We prove 1. It suffices to show that, if I G K{Qco{X)) is fT-injective, 
then Fxl is °<^-acychc. By Corollary HOH we may assume that each term 
of I is injective. By (3.9.3.5)], it suffices to show that an injective object 
I of Qco(X) is /^"'^-acyclic. Let g : Z ^ X he an affine faithfully flat 
morphism such that Z is affine. Such a morphism exists, as X is quasi- 
compact separated. Then it is easy to see that T is a direct summand of g^^J' 
for some injective object JT" in Qco(Z). So it suffices to show that Fxg*J is 
/^"'^-acyclic. Let FzJ ^ J be an injective resolution. As g is affine and J 
is quasi-coherent, we have R^ f^'^'^FzJ = for i > 0. Hence g^^FzJ — >■ g*S is 
a quasi-isomorphism, and hence is a i^'-limp resolution of Fxg*J = g*FzJ. 
As / o (7 is also affine, f^g^FzJ — > f*g*^ is still a quasi-isomorphism, and 
this shows that Fxg*J is /^,-acyclic. 

2 Define F : F)(Qco(y)) ^ F)(Qco(X)) by F := RqcoL/^^^^y- As we 
have L/^„dFy(D(Qco(F))) C D^,,^x){D{MoA{X))), we have 

FxF = FxRqcoLfl,,^Fy^Lf*^,^Fy 

is an isomorphism by Lemma flU. II Hence 

Homz)(Qco(x))(FF,G) ^ Homz)(Mod(x))(FxFF, F^G) ^ 
Hom£i(Mod(x))(-^/Mod-^v'F, FxG) = Hom£)(Mod(y))(FyF, i?/^^°*^FxG) = 
Homz)(Mod(y))(FyF,Fyi?/Q™G) ^ Hom,,(Qeo(y))(F, i?/Q™G). 

This shows that F is left adjoint to -R/^™. 

3 Take the conjugate of 2. □ 

10.5 Remark. By the lemma, we know that there is no difference between 
on F)(Qco(X)) and Rff""^ on F)Qco(x)(Mod(X)) when we consider 
quasi-compact separated schemes. We are to consider the latter. 
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(10.6) Let C be an additive category, and c G C. We say that c is a compact 
object, if for any small family of objects (tx)xeA of C such that the coproduct 
(direct sum) 0;^^^ exists, the canonical map 

Homc(c, tx) ^ Homc(c, tx) 

A A 

is an isomorphism. 

A triangulated category T is said to be compactly generated, if T has 
small coproducts, and there is a small set C of compact objects of T such 
that Hom7-(c, t) = for all c G C implies t = 0. The following was proved 
by A. Neeman [301. 

10.7 Theorem. Let S be a compactly generated triangulated category, T any 
triangulated category, and F : S ^ T a triangulated functor. Suppose that 
F preserves coproducts, that is to say, for any small family of objects (sx) of 
S, the canonical maps F{sx) -^(©a -^a) rnake -^(0;^ sx) the coproduct of 
F{sx)- Then F has a right adjoint G :T ^ S. 

Note that a right adjoint G of a triangulated functor F is triangulated. 
Note also that, if both S and T have t-structures and F is way-out left, then 
G is way-out right. 

The following was also proved by A. Neeman [5Uj . 

10.8 Theorem. Let X be a quasi-compact separated scheme. Then c G 
D(Qco(X)) is a compact object if and only if c is isomorphic to a perfect 
complex, where we say that C G C(Qco(X)) is perfect if C is bounded, and 
each term of C is locally free of finite rank. Moreover, D{Qco{X)) is com- 
pactly generated. 

By the theorem, DQco{x)(Mod(X)) is also compactly generated. 

10.9 Lemma. Let f : X ^ Y be a quasi-compact separated morphism of 
schemes. Then Rf^"'^ : -DQco(x)(Mod(X)) — > D{Mod{Y)) preserves coprod- 
ucts. 

Proof See ISni or I231- □ 
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(10.10) Let f : X ^ Y he a morphism between quasi-compact separated 
schemes. Then by Theorem II (J. 71 Theorem I1U.8I and Lemma flU. 91 there is a 
right adjoint 

r : I^(Mod(r)) ^ DQeo(x)(Mod(X)) 

of 

By restriction, : DQco(y)(Mod(F)) L'Qco(x)(Mod(X)) is a right 
adjoint of : DQco(x)(Mod(X)) ^ DQeo(y)(Qco(r)). By |2Sl (3.6.8.2)], 

(i?(?)*, (?)^) is an adjoint pair of A-pseudofunctors on the category of quasi- 
compact separated schemes. 

11 The Composition of two pseudofunctors 

11.1 Definition. We say that C = {A,J^,V,I,V,V+, (?)#, (?)^ C) is a com- 
position data of contravariant pseudofunctors if the following sixteen condi- 
tions are satisfied: 

1 ^ is a category with fiber products. 

2 V and I are classes of morphisms of A. 

3 Any isomorphism in ^ is in P fl I. 

4 The composite of two morphisms in V (resp. X) is again a morphism in V 

(resp. X). 

5 A base change of a morphism in V is again a morphism in V. 

6 If / is a morphism in A, g & V , and g o f is defined and a morphism in 

P, then f eP. 

7 Any / G Mor(^) admits a factorization f = pi such that p ^ V and i EX. 

Before we state the remaining conditions, we give some definitions for con- 
venience. 

i Let C be a class of morphisms in A containing all identity maps and 
closed under compositions. We define Ac by ob(^c) '■= ob(^) and 
Mor(^) := C. In particular, the subcategories A-p and Ai of A are 
defined. 
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ii We call a commutative diagram of the form p o i = i' o p' with p,p' ^ V 
and e T a pi-square. We denote the set of all pi-squares by 11 . 

8 V = {V{X))xeoh{A) is a family of categories. 

9 (?)* is a contravariant pscudofunctor on A-p, (?)^ is a contravariant pseudo- 

functor on Ai, and we have X* = X" = Vi^X) for each X e ob(^). 

10 C = (C('^))o-=(pi=jg)en is a family of natural transformations 

C(a) : zV* ^ 

11 If 

^^1 ^ V^i ^ Xi 

i Pu cr' i pv (J I px 

U ^ V U X 

is a commutative diagram in A such that a, a' e 11 , then the composite 
map 

agrees with (^{a'a), where a'a is the square Pxinji) — {ij)Pu- 

12 If 

U2 ^ X2 

t/l ^ 

i PC/ CT i PX 
^ X 

is a commutative diagram in A such that cr, cr' e 11, then the composite 

^\{px<lx)* ^ Upt^^^4Apt^^4pt^' ^ {Pu<lu)n' 
agrees with C(((Px?x)«2 = i{Puqu)))- 

13 ^ is a subcategory of A, and any isomorphism in A between objects of 

^is in Mor(^). 
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14 I>+ = ('D+(X))xeob{j^) is a family of categories such that 'D'^{X) is a full 

subcategory of 'D{X) for each X e ob(J^). 

15 If / : X — > y is a morphism in J^, f — p o i, p e V and i & I, then we 

have iV(P+(y)) C 

16 If 

V U Ui ^ Xi 
i PU cr I PX 
U U X U Y 

is a diagram in A such that a & H, V,U,Y & oh{!F), puj £ Mor(^) 
and qi e Mor(J^), then 



jfi^q* 

is an isomorphism between functors from 'D~^{Y) to V~^{V). 



(11.2) Let C - {A,J^,V,I,V,V+, (?)#, (?)^C) be a composition data of 
contravariant pseudofunctors. We call a commutative diagram of the form 

f — pi with p E V, i E I and / G Mor(^) a compactifi.cation. We call 
a commutative diagram of the form pi = qj with p,q E V, i,j E I and 
7« = qj G Mor(^) an independence diagram. 

11.3 Lemma. Let 

i i T i Pi 

X ^ Y 

be an independence diagram. Then the following hold: 

1 There is a diagram of the form 

u U z ^ x^ 

i g i pi 
X ^ Y 

such that qj = i, q\j = ii, pq = piqi, q,qi EV and j G X. 

2 ({qj = ilij)p* : j'^q*p# i^p# is an isomorphism between functors from 

V+{Y) to V+{U). 



60 



3 C(9iJi = H^u)pt is also an isomorphism between functors from V~^{Y) to 

V+{U). 

4 The composite isomorphism 

p(r) : z >j q^p^ = J QiPi ^"^iPi 

{between functors defined overV^iY), not overViY)) depends only on 

T. 

5 If t' = {piii =^2^2) is an independence diagram, then we have 

P{t')o p{t) = p{pi =P2«2). 

The proof is left to the reader. We call p(r) the independence isomor- 
phism of r. 

(11.4) Any / G Mor(^) has a compactification by assumption. We fix a 
family of compactifications T := (r(/) : (/ = p{f) o i(/)))/6Mor(yi) so that 
p{lx) = i{^x) = Ix for X G ob(^). We denote the target of i{f), which 
agrees with the source of p{f) by M{f). 

For X G ob(jF), we define X' := V^{X). For a morphism / : X — »• 
y in JF, we define := which is a functor from X' to by 

assumption. 

Let f : X ^ Y and g : Y ^ Z he morphisms in JF. Set q := p{i{g)p{f)) 
and j := i{i{g)p{f)). Then by 16 in Definition 111.11 and Lemma lll.3| the 
composite map 

is an isomorphism. We define df^g : /'(yf' — > ((7/)' to be the inverse of this 
composite. 

11.5 Lemma. The definition of df^g is independent of choice of q and j 
above. 

The proof of the lemma is left to the reader. 

11.6 Proposition. Let the notation be as above. 
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1 (?)■ and (df^g) form a contravariant pseudofunctor on T . 

2 For 2 G Xn Mor(jF), define p y ^ f to he = jid). Then 

p : (?)' — i> (?)'' is an isomorphism of pseudofunctors on Ax H JF. 

3 For q E V n Mor(jF), define p : q' ^ to he p{p{q)i{q) = idg). Then 

p : (?)• — s> (?)* is an isomorphism of pseudofunctors on A-p fl JF. 

4 Let us take another family of compactifications (/ = Pi{f)ii{f))f(^Mor{j^), 

and let (?)* he the resulting pseudofunctor defined hy f* = 

Then p '■ f' ^ f* induces an isomorphism of pseudofunctors (?)' = 

(?)^ 

The proof is left to the reader. We call (?)' the composition of (?)* and 
(?)^ The composition is uniquely defined up to isomorphisms of pseudo- 
functors on JF. The discussion above has an obvious triangulated version. 
Composition data of contravariant triangulated pseudofunctors are defined 
appropriately, and the composition of two triangulated pseudofunctors is ob- 
tained as a triangulated pseudofunctor. 

(11.7) Let S* be a separated noetherian scheme. Let A be the category 
whose objects are separated noetherian S'-schemes and morphisms are mor- 
phisms of finite type. Set J-' = A. Let X be the class of open immer- 
sions. Let V be the class of proper morphisms. Set T>{X) = T>^{X) = 
L>+^^(^)(Mod(X)) for X e A. Let (?)^ := (?)*, the derived inverse image 

pseudofunctor for morphisms in X, where X^ := 1){X). Let (?)* := (?)^, 
the twisted inverse pseudofunctor for morphisms in V, where X* := X'(X) 
again. Note that the left adjoint -R(?)* is way-out left for morphisms in V so 
that (?)^ is way-out right, and (?)* is well-defined. The conditions 1—9 in 
Definition 111.11 hold. Note that 7 is nothing but Nagata's compactification 
theorem [29|. The conditions 13—15 are trivial. 

Let ao '■ pi = jq be a pi-diagram, which is also a fiber square. Then the 
canonical map 

e : fiRp,) ^ iRq,)i* 

is an isomorphism of triangulated functors, see (3.9.5)]. Hence, taking 
the inverse of the conjugate, we have an isomorphism 

e = eM : m)q'' =p^Rj.). (11.8) 
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So we have a morphism of triangulated functors 



Co((To) : i P >i P {Rj*)J >i {Ri*)q J >q J , 



which is an isomorphism, see joo]. The statements corresponding to 10—12 
only for fiber square pi- diagrams, is readily proved. 

In particular, for a closed open immersion rj : U ^ X, we have an 
isomorphism 

v{r]) := Coiirlu = IuTt)-' : V* ^ V"" ■ 

Let a = {pi = qj) be an arbitrary pi-diagram. Let ji be the base change 
of j by p, and let pi be the base change of p by j. Let rj be the unique 
morphism such that q = pif] and i = jirj. Note that rj is a closed open 
immersion. Define ({cr) to be the composite isomorphism 

■* X ~ * ■* X Co * X ■* ^(v) X X ■* ~ X ■* 

t p =7] j^p >r] p^j >ri p^j =q J . 

Now the proof of conditions 10—12 consists in diagram chasing argu- 
ments, while 16 is trivial, since ({a) is always an isomorphism. Thus the 
twisted inverse triangulated pseudofunctor (?)' on A is defined to be the 
composite of (?)^ and (?)*. 



12 The right adjoint of the derived direct im- 
age functor of a morphism of diagrams 

Let J be a small category, S a scheme, and X, G V{I, Sch /S). 

12.1 Lemma. Assume that X, is quasi-compact separated. That is, Xi is 
quasi-compact separated for each i E I. Let Ci be a small set of compact 
generators of D{Qco{Xi)) . Then 

C := {LLiC \iel, ce C,}} 

is a small set of compact generators o/ i5LQco{x.)(Mod(X,)). In particular, 
the category DLQco{x.)(Mod(X,)) is compactly generated. 

Proof. Let t G Z^LQco(x.)(Mod(X,)) and assume that 

}iomD(Mod{x,))iLLiC,t) = Homo(Mod{x,))(c, ^i) = 
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for any i G / and any c G Cj. Then, = for all i. This shows t = 0. It 
is easy to see that LLjC is compact, and C is small. So C is a small set of 
compact generators. As DLQco(x.)(Mod(X,)) has coproducts, it is compactly 
generated. □ 

12.2 Lemma. Let /, : X, — > Y, be a quasi- compact separated morphism in 
P(/,Sch/5). Then 

R{f.)* ■■ Z^LQco(X.)(Mod(X.)) ^ DLQco(y.)(Mod(F.)) 

preserves coproducts. 

Proof. Let (^a) be a small family of objects in i5LQco(x.)(Mod(X,)), and 
consider the canonical map 

A A 

For each i G /, apply to the map. As obviously preserves coproducts 
and we have a canonical isomorphism 

(?),i?(/.)* = i?(/.)*(?)., 
the result is the canonical map 

0W.)*(tA).^i?(/.)*(0(tA)^), 
A A 

which is an isomorphism by Lemma llU.91 Hence, preserves coprod- 

ucts. □ 
By Theorem II 0.7^ we have: 

12.3 Theorem. Let I be a small category, S a scheme, and f,:X,—*Y,a 

morphism in P(/,Sch /S). If X, and Y, are quasi-compact separated, then 

R{f.)* ■■ Z^LQco(x.)(Mod(X.)) ^ Z)LQco(y.)(Mod(r.)) 

has a right adjoint f^ . 

12.4 Lemma. Let S be a scheme, I a small category, and /, : X, —>■ Y, 
and g, : Y,' Y, be morphisms in V{I ,Sch. / S) . Set X'^ := Y,' Xy. X,. 
Let fi '■ X^ ^ Y,' be the first projection, and g', '■ X'^ X, be the second 



64 



projection. Assume that /, is quasi-compact separated, and g, is flat. Then 
the canonical map 

e{g.J.):{g,rR{f.).-^R{f:)Mr 

is an isomorphism of functors from DLQco{x.)(Mod(X,)) to Z}LQco(Y.')(Mod(F,')). 
Proof. It suffices to show that for each i & I, 

is an isomorphism. By Lemma [9. 71 2, 3, it is easy to verify that the diagram 
[e(9^J^) i (12.5) 

R{m9[n% ^ RUiww.y ^ imifMg'.y 

is commutative. As the horizontal maps and 0{gi, fi) are isomorphisms by 
(3.9.5)], (J)i9{g,, f,) is also an isomorphism. □ 

13 Bokstedt— Neeman resolutions and hyper- 
Ext sheaves 

(13.1) Let T be a triangulated category with small direct products. Note 
that a direct product of distinguished triangles is again a distinguished tri- 
angle. 
Let 

, t,^t2^t^ (13.2) 

be a sequence of morphisms in T. We define d : Y[i>i ^« ^ Y[i>i '^i by 
Pi o d = Pi — Sj+i o pi^i, where pi ■ Yli^i ^ is the projection. Consider a 
distinguished triangle of the form 



i>l i>l 



where S denotes the suspension. 

We call M, which is determined uniquely up to isomorphisms, the homo- 
topy limit of p3.2|l and denote it by holimtj. 



65 



(13.3) Dually, liomotopy colimit is defined and denoted by hocolim, if T 
has small coproducts. 

(13.4) Let A be an abelian category which satisfies (AB3*). Let (F;^);^gA 
be a small family of objects in K{A). Then for any G e K{A), we have that 

- J]i/0(Hom^(G,F;,)) = J]Hom^(^)(G,F,). 

X X 

That is, the direct product Ha^a in C{A) is also a direct product in K{A). 

(13.5) Let ^ be a Grothendieck abelian category which satisfies (AB3*), 
and (tx) a small family of objects of D{A) . Let (Fa) be a family of i^-injective 
objects of K{A) such that represents tx for each A. Then QdlA^^) is a 
direct product of tx in D{A). Hence D{A) has small products. 

13.6 Lemma. Let I be a small category, S be a scheme, and let X, e 
P(/,Sch /S). Let F be an object of C{Mod{X,)). Assume that F has locally 
quasi- coherent cohomology groups. Then the following hold. 

1 Let 3 denote the full subcategory of C(Mod(X,)) consisting of bounded 

below complexes of injective objects of M.od{X,) with locally quasi- 
coherent cohomology groups. There is an 3-special inverse system {In)nm 
with the index set N and an inverse system of chain maps {fn : t-~"'F — >• 
/„) such that 

i fn is a quasi-isomorphism for any n e N. 

ii {In)i ^ for i < -n - 1. 

2 If (In) and (fn) are as in 1, then the following hold. 

i For eachi G Z, the canonical map H'^{In) H^Qi^In) is an isomor- 

phism for n > max(l, —i), where the projective limit is taken in 
the category C(Mod(X,)), and denotes the ith cohomology 

sheaf of a complex of sheaves. 

ii lim /„ : F — > lim 7„ is a quasi-isomorphism. 

iii The projective limit lim/„, viewed as an object of K(Mod{X)), is 

the homotopy limit of {In) ■ 
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iv limJ„ is K-injective. 

3 Q¥ is the projective limit of the projective system (r-^^QF) in the category 
D{Mod{X.)). 

Proof. The assertion 1 is ^34» (3-7)]. 

We prove 2, i. Let j e ob(/) and U an affine open subset of X. Then 
for any n > 1, and H^{In) are r((j, U), ?)-acychc for each i G Z. As J„ is 
bounded below, each Z\In) and B\In) are also r((j, U), ?)-acychc, and the 
sequence 

r((j, u), z\h)) ^ r((j, f/), Q r((j, [/), 5^+^(4)) ^ (13.7) 

and 

^ r((j, f/), ^ r((j, u), z\i^)) ^ r((j, ?7), H\h)) ^ (13.8) 

are exact for each i, as can be seen easily, where and respectively 
denote the ith coboundary and the cocycle sheaves. 

In particular, the inverse system (r((j, f/), i?*(J„))) is a Mittag-Leffler 
inverse system of abelian groups by ()13.7p . since (r((j, ?7), /* )) is. On the 
other hand, as we have W{In) = -ff*(F) for n > max(l,— -i), the inverse 
system (r((j, U), H'^{In))) stabilizes, and hence we have (r((j, U), Z*(J„))) is 
also Mittag-Leffler. 

Passing through the projective limit, 

^ r((j, U), Z*(lim/„)) ^ r((j, f/), lim J„) r((j, U),hmB'+\Q) 

is exact. Hence, the canonical map -B*(limJ„) limi?*(/„) is an isomor- 
phism, since (j, U) with U an affine open subset of Xj generates the topology 
of Zar(X.). 

Taking the projective limit of ()13.8|) . we have 

^ r((j, U), B\\imQ) r((j, U), Z\\imQ) ^ r((j, U), \imH\Q) ^ 

is an exact sequence for any affine open subset U of X. 
Hence, the canonical maps 

r((j, U), = r((j, U), limH^Q) ^ r((j, U), H\\imQ) 

are all isomorphisms for n > max(l, —i), and we have W{In) = ff^( lim /„) 
for n > max(l, —i). 
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The assertion ii is now trivial. 

The assertion iii is now a consequence of jSl (2.3.1)] (one can work at the 
presheaf level where we have the (AB4*) property). The assertion iv is now 
obvious. □ 

Let / be a small category, S a scheme, and X, G V{I, Sch /S). 

13.9 Lemma. Assume that X, has flat arrows. Let J he a subcategory of I, 
and let ¥ G DEM(x.)(Mod(X,)) and G G D{Mod{X,)) . Then the canonical 
map 

Hj : (?)ji?Hom^„d(x.)(^'<S) ^ REomMo6iXj)i^J,'^j) 
is an isomorphism. 

Proof. First, we prove the lemma for the case where F has bounded above 
cohomology groups. 

By Lemma I2.im we may assume that J = i for an object i oi I . By 
the way-out lemma 15, Proposition 1.7.1], we may assume that F is a single 
equivariant Ox.-module, and G is a single injective object of Mod(X,). 

As X, has flat arrows, the restriction (?)j has an exact left adjoint Lj. 
It follows that Gj is an injective O x-^i^odvXe. The assertion is now clear by 
Lemma 17.281 

Now consider the general case. As the functors in question on F changes 
coproducts to products and a direct sum of complexes with equivariant coho- 
mology has equivariant cohomology, the map in question is an isomorphism 
if F is a direct sum of objects in D^y^^-^^^{X,). In particular, the map is an 

isomorphism if F is a homotopy colimit of objects of D^y^^-^^s^{X,). As any 
object F of D-EM(x.){.X,) is the homotopy colimit of (r-^F), we are done. □ 

13.10 Lemma. Assume that X, has flat arrows. Let J he a subcategory of 
I, and let F G L'EM(x.)(Mod(X,)) and G G L'LQco(x.)(Mod(X,)). Then the 
canonical map 

Hj : (?)^/?Hom^,,(^.)(F,G) ^ i?Hom^„d(x,)(Fi, ^j) 

is an isomorphism. 

Proof. By Lemma [13. 61 G is the homotopy limit of objects of D"'"(Mod(X,)). 
The functors in question on G preserve direct products and triangles. In 
particular, they preserve homotopy limits. The assertion follows immediately 
by Lemma [13.91 □ 
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13.11 Lemma. Let I be a small category, S a scheme, and X, G V{I, Sch /S). 
Assume thatX, has flat arrows and is locally noetherian. Let¥ G D^^^^ ^(Mod(X,)) 

and G G D^^^^^j^^^(Mod{X,)) . Then Ext^^ (IF, G) is locally quasi- coherent 
for z G Z. // moreover G has quasi- coherent cohomology groups, then then 
Ext ^i„ (F, G) is quasi- coherent for i G Z. 

Proof. We prove the assertion for the local quasi-coherence. By Lemma [13 .91 
we may assume that X, is a single scheme. This case is ^3 Proposi- 
tion II.3.3]. 

We prove the assertion for the quasi-coherence, assuming that G has 
quasi-coherent cohomology groups. By [13 Proposition 1.7.3], we may as- 
sume that F is a single coherent sheaf, and G is an injective resolution of a 
single quasi-coherent sheaf. 

As X, has flat arrows and the restrictions are exact, it suffices to show 
that 

: X;(?),Hom^„d(x.)(^><G) ^ {'^)jUomlo6ix.)i^,G) 

is a quasi-isomorphism for any morphism (p : i ^ j in I. 

As Xif, is flat, : X^Fj — Wj and : X^Gi Gj are quasi-isomorphisms. 
In particular, the latter is a i^-injective resolution. 

By the derived version of ()7.29p . it suffices to show that 

P : Hom^^^ (F„ G,,) ^ i? Hom^ (X;F„ X;G,) 
is an isomorphism. This is 15, Proposition II. 5. 8]. □ 



14 Commutativity of twisted inverse with re- 
strictions 

(14.1) Let 5* be a scheme, / a small category, and /, : X, — > Y, be a 

morphism in V{I, Sch / S). Let J be an admissible subcategory of I. Assume 
that /, is quasi-compact and separated. Then there is a natural map 

e{J, /.) : LLj o R{f,\j), /?(/.)* o LLj (14.2) 

between functors from i:)LQco{x.|j)(Mod(X,| j)) to Di^QcoiY.){'^od{Y,)) , see 
121 (3.7.2)]. 
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(14.3) Let S, I and /, be as in (jl4.ip . We assume that X, and Y, are 
quasi-compact Z-separated, so that the right adjoint functor 

f: : /^LQco(y.)(Mod(y.)) ^ DLQeo(X.)(Mod(X.)) 

of 

R{f.)* : Z^LQco(x.)(Mod(X.)) ^ /^LQco(y.)(Mod(y.)) 

exists. Let J be a subcategory of / which may not be admissible. 
We define the natural transformation 

e(J,/.):(?).o/:^/j<o(?), 

to be the composite 

(?)j/."^(/.u)"w.Ij)*(?)j/:^(/.Ij)"(?)jW.)j:^(/.Ij)"(?)j. 

By definition, ^ is the conjugate map of 6{J, /,) in p4.2j) if J is admissible. 

14.4 Lemma. Let J2 C Ji G I be subcategories of I. Let S be a scheme, 
f, : X, ^ Y, be a morphism in V{I ,Sch. / S) . Assume both X, and Y, are 
quasi-compact separated. Then the composite map 

= (?)..(?)ij:^^^^(?)7.(/.uj^(?)., 



is equal to ^(^2)- 

Proof. Straightforward (and tedious) diagram drawing. □ 

14.5 Lemma. Let S and /, : X, Y, be as in Lemma \14-4\ Let J be 

a subcategory of I. Assume that Y, has flat arrows and /, is of fiber type. 
Then ^{J, f,) : (J)jf^ (/•|j)^(?)j is an isomorphism between functors 
from DLQco(y.)(Mod(r.)) to DLQco(x.|,)(Mod(X.| j)). 

Proof. In view of Lemma fl4.4l we may assume that J = i for an object i of 
/. Then, as i is an admissible subcategory of I and ^(i, /,) is an conjugate 
map of d{i, /,), it suffices to show that {7)j6{i, /,) is an isomorphism for any 
j G ob(J). As Y, has fiat arrows, Li : Mod(yi) Mod(y,) is exact. As /, is 
of fiber type, Li : Mod(Xj) — > Mod(X,) is also exact. 
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By Proposition 17. 18( the composite 

(7)^LMf^)*^i^)JRif.)*L^^RifM^)JLi 

agrees with the composite 

(?),L,i?(/.).^ x;i?(/,).^0i?(/,).y; 



c 



where C is the canonical map. By Lemma 110.91 C is an isomorphism. As 
/, is of fiber type, 9 : X^R{fi)^ — > R{fj)^Y^ is an isomorphism for each 
4> G by P3l (3.9.5)]. Hence the second composite is an isomorphism. 

As the first composite is an isomorphism and c is also an isomorphism, we 
have that {7)j6{i, /,) is an isomorphism. □ 

(14.6) Let J be a small category, 5* a scheme, and /, : X, Y, a morphism 
in V{I, Sch /S). Assume that X, and Y, are quasi-compact separated. 

14.7 Lemma. Let J be a subcategory of I. Then the following hold: 
1 The composite map 

xx 7-)/ /■ \ ™ iiJJ*) 



r? 



u -(?)j/.^^(/.)*- 



(/.|j)^(?)jW.)*^^^^^(/.U)"^(/.Ij)*(?)j 

agrees withu{l)j, whereu : Id {f»\j)^R{f»\j)* is the unit of adjunc- 
tion. 

2 The composite map 



'^)jRif.)j: — ■^Rif.iim.jf:^ 



i?(/.ij).(/.ij)^(?)j^(?). 



agrees with (J)je. 

Proof. This consists in straightforward diagram drawings. □ 
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(14.8) Let J be a small category. For i,j G ob(/), we say that i < j ii 
7^ 0. This definition makes ob(/) a pseudo-ordered set. We say that 
I is ordered if ob(/) is an ordered set with the pseudo-order structure above, 
and = {id} for z e /. 

14.9 Lemma. Let I be an ordered small category. Let Jo and Ji be full 
subcategories of I , such that ob(Jo) U ob( Ji) = ob(/), ob(Jo) fl ob( Ji) = 0, 
and /(ji, jo) = f(^f^ ji ^ Ji one? jo G Jo- Let X, G V{I, Sch /S). Then, we 
have the following. 

1 The unit of adjunction u : IdMod(x.|,jj — ^ (?)ji ° -^Ji is an isomorphism. 

2 o Lj^ is zero. 

3 Lj^ is exact, and Ji is an admissible subcategory of I. 

4 For M G Mod(X,), Mj^^ = if and only if e : Lj^M M is an 

isomorphism. 

5 The counit of adjunction (?) jo o Rj^^ — > IdMod{Js:.|j(,) is an isomorphism. 

6 (?)ji o Rj^ is zero. 

7 Rjg is exact and preserves local- quasi- coherence. 

8 For M G Mod(X,), Mj^ = if and only if u : M —> Rj^^Mj^ is an 

isomorphism. 

9 The sequence 

0-^Lj,i7)j,^ld^Rj,iVj,^0 
is semisplit exact, and induces a distinguished triangle in i^(Mod(X,)). 

Proof. 1 This is obvious by Lemma f7. Ill 

2 The category Ij^"^^^^ is empty, if jo G Jo, since I{ji,jo) = if ji G Ji 
and jo £ Jq- It follows that (T)^^ o Lj^ = if jo G Jo- Hence, (?) j(, o Lj^ = 0. 

3 This is trivial by 1,2 and their proof. 

4 The 'if part is trivial by 2. We prove the 'only if part. By assumption 
and 2, both A^j^ and {7)J^^LJ^AiJ-^ are zero, and (?)jo£ is an isomorphism. 
On the other hand, ((?)jj£)('u(?)jj = id, and u is an isomorphism by 1. 
Hence, 
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is an isomorphism. Hence, e is an isomorphism. 

The assertions 5,6,7,8,9 are similar, and we omit the proof. □ 

14.10 Lemma. Let I , S, Ji and Jq be as in Lemma l^-^^ Let /, : X, Y, 

be a morphism in V{I,Sch /S). Assume that X, and Y, are quasi-compact 
separated. Then we have that 6{Ji, f,) and ^{Ji, f,) is an isomorphism. 

Proof. Note that Ji is admissible by Lemma Il4.9[ 3, and hence 6'(Ji, /,) and 
^("^1; /•) are defined. Since we have ^(Ji, /,) is the conjugate of 6{.Ji, /,) by 
definition, it suffices to show that ^(Ji, /,) is an isomorphism. It suffices to 
show that 

{%LLj,R{f.\j,),^{%R{f,),LLj, = R{f,),{r),LLj, 

is an isomorphism for any i & I. 

If i G Jo, then both hand sides are zero functors, and it is an isomorphism. 
On the other hand, if i G Ji, then the map in question is equal to the 
composite isomorphism 

{7),LLj,R{f.\jJ, ^ ('?),R{f.\j,),^^^R{f,),{7), ^ R{f,),{7),LLj, 
by Proposition 17. 18l Hence 6{Ji, f,) is an isomorphism, as desired. □ 

(14.11) Let 5* be a scheme, / an ordered small category, i E I, and X, G 
V{I, Sch /S). Let Ji be a filter of ob(/) such that i is a minimal element of 
Ji (e.g., [i, oo)), and set Fj := Ljj-^ o Rj^^i. Then we have (?)jTj = if j 7^ i 
and {'?)iTi = Id. It follows that Fj preserves arbitrary limits and colimits 
(hence is exact). Assume that is quasi-compact and separated. Then 
Z^Qco(Xi)(Mod(Xj)) is compactly generated, and the derived functor 

: DQeo(X,)(Mod(X,)) ^ DLQco(X.)(Mod(X.)) 

preserves coproducts. It follows that there is a right adjoint 

: Z^LQco(X.)(Mod(X.)) ^ DQeo(X,)(Mod(X,)). 

As Fj is obviously way-out left, we have Sj is way-out right. 
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(14.12) Let S he a scheme, / a small category, and X, G 'P(/, Sch /S). We 
define V+{X,) (resp. V'^X,)) to be the full subcategory of D(Mod(X,)) 
consisting of F G D(Mod{X,)) such that Fj is bounded below (resp. above) 
and has quasi-coherent cohomology groups for each i E I. For a plump 
full subcategory A of LQco(X,), we denote the triangulated subcategory of 
V^{X,) (resp. V~{X,)) consisting of objects all of whose cohomology groups 
belong to A by V^{X.) (resp. V^{X,)). 

(14.13) Let P be an ordered set. We say that P is upper Jordan-Dedekind 
(UJD for short) if for any p E P, the subset 

[p, oo) := {q e P \ q >p} 

is finite. We say that an ordered small category / is UJD if the ordered set 
ob(J) is UJD, and is finite for i,j G /. 

14.14 Proposition. Let I be an ordered UJD small category. Let S be a 
scheme, and g, : U, X, and f, : X, —>■ Y, be morphisms in V{I, Sch /S). 
Assume that Y, is separated noetherian which has flat arrows, /, is proper, 
g, is an open immersion such that gi{Ui) is dense in Xi for each i & I , and 
f,og, is of fiber type. Then g, is of fiber type, and for any i E I the composite 
natural map 

m:f: ^^^gtm: ^^^gur (?). 

is an isomorphism between functors V^iY,) DQco(c/i)(Mod(f/j)), where 
9 : g*{'?)i —>■ {'^)igl is the canonical isomorphism. 

Proof. Note that U, has flat arrows, since Y, has fiat arrows and /, o g, is of 
fiber type. 

We prove that g, is of fiber type. Let (p : i —>■ j he a. morphism in /. 
Then, the canonical map {U^,fjgj) : Uj ^ Ui Xy^ Yj is an isomorphism by 
assumption. This map factors through (U^,gj) : Uj Ui Xj, and hence 
{U(f), gj) is a closed immersion. On the other hand, it is an image dense open 
immersion, as can be seen easily, and hence it is an isomorphism. So g, is of 
fiber type. 

Set Ji := [i, oo) and Jq := ob(/) \ Ji. By Lemma [14.101 ^(Ji,/.) is an 
isomorphism. By Lemma fl4.4t we may replace / by Ji, and we may assume 
that I is an ordered finite category, and i is a minimal element of ob(/). 
Now we have V'^lY,) agrees with D^'^q^^^^ j(Mod(y,)). Since we have ob(J) 
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is finite, it is easy to see that -R(/,)* is way-out both. It follows that is 
way-out right. 

It suffices to show 

is an isomorphism of functors from D^^^^^y,)(M'^^(X»)) -^qco((7 )(^°'^(^«))- 
As g*R{gi)^ = Id, it suffices to show that R{gi)^g*^{i) is an isomorphism. 
This is equivalent to say that for any perfect complex P G C(Qco(Xj)), we 
have 

-^Y^omof^MoA(x,)){^,R{g^U:frm 

is an isomorphism. By Lemma 2], this is equivalent to say that the 
canonical map 

limHom^(Mod(y.))(^(/.)*^^.(P ^")' •) 

limHomB(Mod(y.))(^^^i?(/^)*(P®Ox ^")' •) 

induced by the conjugate 9{i, f,) of is an isomorphism, where JT" is a 
defining ideal sheaf of the closed subset Xi \ Ui in Xj. 
As / is ordered and ob(/) is finite, we may label 

ob(/) = {z = «(0),2(l),^(2),...} 

so that I{i{s),i{t)) ^ implies that s <t. Let J(r) denote the full subcate- 
gory of / whose object set is {i{r),i{r + 1), . . .}. 

By descending induction on t, we prove that the map 

via 9{i,f,) : limHom£,(Mod(Y.))(^j(t)(?) j(t)^(/.)*^^i(IP ®ot ^"O'"^) 

^ limHom^(Mod(y.))(^JW(?) JWi:^ii?(/^)*(P J""), ?) 

is an isomorphism. This is enough to prove the proposition, since i^j(i) (?) j(i) = 
Id. 

Since the sequence 
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is an exact sequence of exact functors, it suffices to prove that the map 

via e{ij.) : limHomz5(Mod(Y.))(r.(t)(?).(t)i?(/.)*^^.(P®oi Jl,^) 

^ limHomz5(Mod(y.))(riw(?)^W^^*^(/i)*(P®ot ^")'?) 

is an isomorphism by induction assumption and the five lemma. By Propo- 
sition I7.18| this is equivalent to say that the map 

via e : limHom,,(Mod(r,(,)))(i?(/iw)*0i^X;(P®^^^ Jn,MV) 

^limHom,,(Mod(y,(,)))(0>7W.)*(P®ai^ 

is an isomorphism, where the sum is taken over the finite set I{i,i{t)). It 
suffices to prove that the map 

via e : limHomz5(Mod(x,))(P ^o^^ JT", 

^limHom,5(Mod(x.))(P®ai ^7", 

induced by the map ^ : R{Xfj,)^f^^_^-^ — ^ f^R{Y^)^, which is conjugate to 

is an isomorphism for (/) G /(z, Since both R{X^)^:f^^^^T,i and R{Y^)^T,i 
are way-out right, it suffices to show the canonical map 

is an isomorphism between functors from DQ^^j.y^^^-|(Mod(Fj(j))) to D'^^^fjj^-^{}Aod{Ui)) . 
Let X' := Xi Xy. pi : X' — > Xj be the first projection, p2 '■ X' Yi^t) 
the second projection, and vr : Xj(f) X' be the map {X^, fi{t))- It is easy 
to see that ^iY^fifj^) = fiX^) equals the composite map 

R{X^)J,l^ = R{pi),Rn,n'<p^^R{p,),p^ - 
Note that the last map is an isomorphism since is flat. As we have 
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is an isomorphism and gi is an open immersion by assumption, the canonical 
map 

g*RiPi)* R{U^)^{tt o Qif^t))* 
is an isomorphism. So it suffices to prove that 

(tt o fl'j(t))*i?vr*7r''^^(7r o 

is an isomorphism. 

Consider the fiber square 



it) 


gi(t) 
> 




. id 


a 




it) 


> 


X'. 



By [36j, Co(cr) : g*(^^^n^ {n o g^^^)* is an isomorphism. By definition (jll.Tp . 
Co is the composite map 

5'r(t)^''-^id''^id*fi'*(t)7r''-^id47r o g.^^^yRn^n''^{TT o ^(^(t))*. 

Since the first and the second maps are isomorphisms, the third map is an 
isomorphism. This was what we wanted to prove. □ 

14.15 Corollary. Under the same assumption as in the proposition, we have 

Proof. This is because (D+^„(^^)(Mod(y,))) C „(^^)(Mod(t/,)) for 
each i G /. 



15 Open immersion base change 

(15.1) Let be a scheme, / a small category, and 

X: ^ X, 

i /: o- i /. 

y; ^ Y, 

a fiber square in 7^(7, Sch / S). Assume that the all diagrams of schemes in 
the diagram are quasi-compact separated, and g, is fiat. By Lemma 112. 4| 
the canonical map 

e{g.J.):g:RU.)*^RU:)*W,r 
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is an isomorphism of functors from DLQco{x.)(Mod(X,)) to iI'LQco(Y.')(Mod(Y,')). 
We define ({a) = ({g,, /,) to be the composite map 

15.2 Lemma. Let a he as above, and J a subcategory of I . Then the diagram 

i c i c 

is commutative. 

Proof. Follows immediately from Lemma 114.71 and the commutativity of 

(fn3|) . □ 

15.3 Theorem. Let S be a scheme, I an ordered UJD small category, and 

V. ^. u: ^ x: 

U, ^ X, ^ Y. 

be a diagram in V{I, Sch /S). Assume the following. 

1 Y, is separated noetherian. 

2 j,, i'^ and i, are image dense open immersions. 

3 q», p^ and p^ are proper. 

4 V,, U, and Y, have flat arrows. 

5 p'^i', = i,p^ . 

6 q,i, andp^i, are of fiber type. 

Then a is a fiber square, and the composite map 

is an isomorphism of functors from V^(Y,) to V^iV,). 
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Proof. The square cr is a fiber square, since the canonical map ^ U, Xx, 
X'^ is an image dense closed open immersion, and is an isomorphism. 

To prove the theorem, it suffices to show that the map in question is 
an isomorphism after applying (?)j for any z G /. By Proposition I14.14[ 
Lemma fl 5 .21 and (3.7.2), (iii)], the problem is reduced to the flat base 
change theorem (in fact open immersion base change theorem is enough) for 
schemes |3til Theorem 2], and we are done. □ 

16 The existence of compact ificat ion and com- 
position data for finite diagrams of schemes 

(16.1) Let S* be a noetherian separated scheme, and / an ordered finite 
category which is non-empty. Let A denotes the category of /°P-diagrams 
of ^'-schemes separated of finite type over S. Let V denote the class of 
proper morphisms in Mor(^). Let I denote the class of image dense open 
immersions in Mor(^). 

Define V{X,) := L'LQco(x.)(Mod(X,)) for X, G ob(^). Define a pseudo- 
functor (?)# on Ap to be (?)^ where X* = V{X,) for X, G oh{Ar). Define 
a pseudofunctor (?)^ on Ax to be (?)*, where Xl = V{X,) for X, G ob(^x). 

For a pi-square a, define C(c") to be the natural map defined in ps.lj) . 

16.2 Lemma. Let the notation he as above. Conditions 1—6 and 8—12 in 
Definition Ml . 1\ are satisfied. Moreover, any pi- square is a fiber square. 

Proof. This is easy. □ 

16.3 Proposition. Let the notation be as in ()16.1|1 . Then the condition 7 
in Definition 111.11 is satisfied. That is, for any morphism f, in A, there is a 
factorization /, = p,j, with p, E V and j, G X. 

Proof. Label the object set ob(/) of / as {^(l), ■ ■ ■ , i{n)} so that I{i{s),i{t)) = 

if s > t. Set J(r) to be the full subcategory of / with ob( J(r)) = 
{i(l), . . . , i{r)}. By induction on r, we construct morphisms h,{r) : X,| — >■ 
Z,{r) in V{J{r), Sch / S) such that 

1 Z,{r) is proper over S; 

2 h,{r)i is an open immersion, whose scheme theoretic image is Z,{r)i for 

i G J(r); 
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3 ^.(r)|j(j) = Z,{j) and /i.(r)|j(j) = h,{j) for j < r. 



We may assume that the construction is done for j < r. 

First, consider the case where i{r) is a minimal element in ob(/). By 
Nagata's compactification theorem [221; there is an S'-morphism 

h : — ^ Z 

such that Z is proper over 5* and h is an open immersion whose scheme theo- 
retic image is Z. Now define Z,(r)i(r) := Z and Z,(r)id.(^j = id^. Defining the 
other structures after 3, we get Z,{r), since I{i{r),i{s)) = = I{i{s),i{r)) 
for s < r and I{i{r),i{r)) = {id} by assumption. Define h,{r)i(^r) '■= h and 
by 3, we get a morphism h,{r) : — > 2',(r) by the same reason, and 
1,2,3 are satisfied by induction assumption. So this case is OK. 

Now assume that i{r) is not minimal so that [Ji^^. 7^ 0. Con- 

sider the S'-morphism 

ip:Xi^r)^Yi n ^ia)^n n 

j<r 4,(^1 (i{j),i(r)) j<r 4el{i{j),i(r)) 

where Zj := and hj := {h,{j))i(^jy By Nagata's compactification 

theorem ^], There is a factorization 

JJ JJ Zj 

j<r (j,el(i{j),i{r)) 

such that hr is an open immersion S'-morphism such that the scheme the- 
oretic image of agrees with Z^, and Pr is a proper S'-morphism. Set 
'■= and Z,{r)i(_r) ■= Z^. For j < j' < r and G I{i{j),i{f)), 
define {Z,{r))^ := Z,{r — 1)^. For each j < r and (/) G I{i{j),i{r)), define 
(Z,(r))^ : Zr — > to be the composite 

Zr^HllZj^^^^^^^^Zj. 

j<r (f> 

Finally, define (Z,(r))id.(^j := id^^. Almost by definition, we have hj o = 
(Z,(r))^ o hj. for j < r and G I{i{j),i{r)). As /i^ is scheme theoretically 
dense, it is easy to see that Z,{r) is a J(r)°P diagram of S'-schemes, and the 
conditions 1,2,3 are checked easily. 
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Hence there is a morphism h, : X, ^ Z, of V{I, Sch / S) such that Z, is 
proper over S, and h, is an image-dense open immersion. 

Now let f, : X, Y, be a morphism in A. Consider the morphism 

■?/', : X, >X, X F, >Z, X F,. 

We define X, as follows. For each i & I, define Xj to be the scheme theoretic 
image of ipi, and X^ is the restriction of Z^ xY^. As ip* is an immersion, we 
have a factorization 

X.^X.^^. X Y, 

of '0, such that i, G X and g, is a closed immersion. 

Let p2 Z, X Y, ^ Y, be the second projection. Set p, := p2 o g,. Then, 
as we have P2 o = f»y we have /, = p,i,, and p, G V. This proves the 
lemma. □ 

16.4 Theorem. Let the notation be as in (jKi.lj) . Set T to he the subcategory 
of A whose objects are objects of A with fiat arrows, and whose morphisms are 
morphisms in A of fiber type. DefineV^ byV^{X,) := D^^^^^j^^s^(Mod{X,)). 

Then {A, J-', V, X, V, V~^, (?)*, (?)^ C) o, composition data of contravariant 
pseudofunctors. 

Proof. Conditions 1—12 in Definition 111.11 have already been checked. 13 
follows from Lemma 18.151 14 is trivial. Since I is finite, the definition of 
X'+(X,) is consistent with that in (I14.12jl . Hence 15 is Corollarv UTTHl 16 
is Theorem 115.31 □ 
We call the composite of (?)* and (?)'' defined by the composition data 
in the theorem the equivariant twisted inverse pseudo functor, and denote it 
by (?)^ 



17 Flat base change 

Let the notation be as in Theorem 116.41 Let /, : X, — » Y, be a morphism in 
JF, and J a subcategory of /. Let /, = p,i, be a compactification. 

17.1 Lemma. The composite map 

is independent of choice of compactification /, = p,i,, where p's are inde- 
pendence isomorphisms. 
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The proof utilizes Lemma lll.3t and left to the reader. We denote by 
^ = ^{i, f») the composite map in the lemma. 

17.2 Lemma. Let /, : X, — > Y, be a morphism in T , and K G J G I be 

subcategories. Then the composite map 

agrees with ^{K, /,). 

Proof. Follows easily from Lemma f 14.41 □ 

17.3 Lemma. Let f, : X, Y, be a morphism in T , and J a subcategory 
of I. Then, ^{J, f,) is an isomorphism. 

Proof. It suffices to show that /•) is an isomorphism for any i G 

ob(J). By Lemma fl 7. 21 we have 

ahfj)o{muf.)) = ahf,). 

By Proposition 114.1^ we have fj) and /•) are isomorphisms. Hence 
the natural map {'^)i^{J, /,) is also an isomorphism. □ 

17.4 Lemma. Let f : X —>■ Y be a flat morphism of locally noetherian 
schemes, and U a dense open subset of Y . Then f'^^U) is a dense open 
subset of X. 

Proof. The question is local both on Y and X, and hence we may assume that 
both Y = Spec A and X = Spec B are affine. Let / be the radical ideal of A 
defining the closed subset Y \ U. By assumption, / is not contained in any 
minimal prime of A. Assume that f~^{U) is not dense in X. Then, there is 
a minimal prime P of B which contains IB. As we have / C IBCiA G PCiA 
and P n A is minimal by the going-down theorem (see [2^1 Theorem 9.5]), 
this is a contradiction. □ 

(17.5) Let b : S' ^ S he a morphism of noetherian separated schemes. Let 
A' be the full subcategory of V{I, Sch / S') consisting of objects separated of 
finite type over S'. Let JF' be the category of objects of A' with fiat arrows 
and morphisms in A' of fiber type. Any S"-scheme is viewed as an S'-scheme 
via b. 
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Let 







y: 




a 




X, 




Y, 



be a diagram in V{I, Sch / S) such that 

1 X', and y,' are in JF', and f, is a morphism in JF'. 

2 /, is a morphism in JF; 

3 cr is a fiber square; 

4 g, is fiat. 

By assumption, there is a diagram 

x: ^ z: ^ y; 

iffffTi i9f(T2 is. (17.6) 

X, ^ z, ^ Y, 

such that /, = is a compactification, ai and (72 are fiber squares, and 
the whole rectangle (Tict2 equals a. By Lemma I17.4| we have that f, = p'J', 
is a compactification. 

17.7 Lemma. The composite map 

is independent of choice of the diagram (jl7.6p . and depends only on a, where 
p's are independence isomorphisms. 

Proof. Obvious by Lemma f 11.31 □ 
We denote the composite map in the lemma hj ( = ({cr)- 

17.8 Theorem. Let the notation be as above. Then we have: 
1 Let J be an admissible subcategory of I . Then the diagram 

{^)j{9^rfi ^ {9^n^)jf. ^ {9frfA^-)j 

i iVjCi^) I C{'^./)(?)j (17.9) 

i^)Af:yi9.y ^ ifjyi^)A9.y ^ u'j)K9.jrnj 

is commutative. 
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2 ({a) is an isomorphism. 

Proof. 1 is an immediate consequence of Lemma fl5.2l and (3.7.2)]. 

2 Let i be an object of I. By Lemma Il7.3( the horizontal arrows in the 
diagram (jl7.9p are isomorphisms. By Verdier's flat base change theorem [3^1 
Theorem 2], we have that ({ci) is an isomorphism. Hence, we have that 
{7)i({a) is an isomorphism for any z G / by 1 applied to J = i, and the 
assertion follows. □ 



18 Preservation of Quasi-coherent cohomol- 

ogy 

(18.1) Let the notation be as in Let JF be as in Theorem 116.41 

18.2 Lemma. Let f : X Y be a morphism of finite type between separated 
noetherian schemes. If¥e V^^^^y^{Mod{Y)) , then /'F e V+^^^^^{Mod{X)) . 

Proof. We may assume that both Y and X are affine. So we may assume 
that / is either smooth or a closed immersion. The case where / is smooth is 
obvious by Theorem 3]. The case where / is a closed immersion is also 
obvious by Proposition III. 6.1 and Theorem III. 6. 7 in ^3]. □ 

18.3 Proposition. Let /, : X, ^ Y, be a morphism in T , and (f) : i ^ j a 

morphism in I . Then the composite map 

x;ml^{^),fl^f]{^h 

agrees with the composite map 

x;ml^x;fl(7),^f]Y;(7),^f](7),. 

Proof. By Lemma 117.21 we may assume that / is the ordered category given 
by ob(J) = {ij} and I{i,j) = {0}. 

Then it is easy to see that there is a compactification 

X.^Z.^Y, 

of /, such that p, is of fiber type. Note that i, is of fiber type, and Z, has 
flat arrows. 
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By the definition of ^ and (, it suffices to prove tliat tlie composite map 




agrees witli 



By tlie "derived version" of ()7.25|) . tlie composite map 
agrees witli 

Hence it suffices to prove tlie map 

z;{^.)rp: ^z;p^ Apj^ (?), 

agrees witfi 

Now tfie proof consists in a straiglitforward diagram drawing utilizing the 
derived version of (j7.14p . □ 

18.4 Corollary. Let /, : X, Y, be a morphism in T . Then we have 
fUl^toiY.)) C V^^^iX.) and fliV^^^iY.)) C P+.JX.). 

Proof. Let : z — > j be a morphism in I. By Theorem 117.81 2, Lemma fl 7 .31 
and the proposition, we have : — > is an isomorphism 

if : Y^(7)i — >• is an isomorphism. So f, preserves equivariance of 
cohomology groups, and the first assertion follows. 

On the other hand, by Lemma 118.21 and Proposition 114.141 f preserves 
local coherence of cohomology groups. Hence it also preserves the coherence 
of cohomology groups, by the first paragraph. □ 
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19 Compatibility with derived direct image 

(19.1) Let the notation be as in (jlT.Sj) . Consider the diagram ()17.6|) . Lip- 
man's theta 9{a2) ■ glR{p»)* ~^ R{p',)*{9»)* induces the conjugate map 

As (T2 is a fiber square, 6{a2) is an isomorphism. Hence ^('^2) is also an 
isomorphism. Note that 

o:m9^).^R{9^w.r 

is an isomorphism, since cti is a fiber square. We define ^ : R{g^)*ifiy 
f,R{.9»)* to be the composite 

R{9^)m'^R{9^)*K)\v:Y^<R{9'.up:^^ 

As all the maps in the composition are isomorphisms, we have 

19.2 Lemma. ^ is an isomorphism. 

19.3 Lemma. For any subcategory J, the composite 

i'^)jRi9^)Mr^i^)jp:Ri9.)Mp.\jri^)jRi9.)*^iP.\jrRi9.u^ 

agrees with the composite 

0)jR{g'.W.Y^R{9'.\M^-).Ap'.Y^ 

R{g'AjUp:\jr{'^)Mp.\jYR{gAM'^)j- 

Proof. Follows immediately from Lemma fl4. 71 □ 

20 Compatibility with derived right induc- 
tions 

(20.1) Let the notation be as in Theorem 116.41 Let X, G JF, and J a 

subcategory of /. As / is assumed to be a finite category, is a fi- 

nite category for any i G ob(/). Hence for any A4 G LQco(X,|j), we 
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have that RjM. E LQco(X,) by (j7.1(J|) . It is easy to see that RRj : 
^il"Qco(x.|,)(Mod(X.|j)) ^ D+Q^„(^,)(Mod(X.)) is the right adjoint of 
Let /, : X, Y, be a morphism in A. As 

c:i7)jRif.),^Rif.\M?)j 

is an isomorphism, its conjugate map 

c' -.RRjiUjr ^ f^RRj 

is also an isomorphism. 

Let g, : U, ^ X, be an image dense open immersion of fiber type in A. 
Let a be the canonical map 

g:RRj^g:RRjR{g,\j),{g,\jr^g:R{g,)MRj{g,\jr^RRj{^^^^^ 

where ^ : R{g,)^RRj RRjR{g,\j)^ is the conjugate of the isomorphism 
9:{g.)mj^{7)jg:. 

20.2 Lemma. Let the notation be as above. Then a : g^RRj —>■ RRj{g,\j)* 
is an isomorphism of functors from D{Mod{X,\j)) to D{Mod{U,)) . 

Proof. As gl, {g,\j)*, Rj, ((?•)*, and {g,\j)* have exact left adjoints, it suffices 
to show that 

i?),a:i?)ig:RjI^i?),Rjig.\jri 

is an isomorphism for any i^'-injective complex in C(Mod(X,| j)) and i G 
ob(/). This map agrees with 

{7)ig:RjI^g:{7),RjI - g*\im{X^)J, - lim^7*(X^) J,- 

^hm{U^),g*I,^hm{U^)47)j{g.\jyi = 

which is obviously an isomorphism. □ 

(20.3) Let /, : X, — > Y, be a morphism in JF, and /, = p,i, a compactifi- 
cation. We define c : flRRj — >■ RRj{f,\jy to be the composite 

/:^^/^J^^:pri?/^J^^:i?i?J(p.|J)"^i^i?J(^.|J)*(p.|J)"^i^i^J(/.|J)■. 

By Lemma [20.21 we have 

20.4 Lemma, c : f,RRj RRj{f,\j)''' is an isomorphism of functors from 
^^Qco(y.U)(Mod(X.)) to I)+Qeo{x.)(Mod(X.)). 
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21 Equivariant Grothendieck's duality 

21.1 Theorem (Equivariant Grothendieck's duahty). Let I be a small 

category, and /, : X, — > Y, a morphism in V{I,Sch /Z). If Y, is separated 
noetherian with flat arrows and f, is proper of fiber type, then the composite 

e(/.) : Rif.).REoml,,^^^j¥j:G)^RUom^ 
is an isomorphism for ¥ G ^^^^^(X,) and G G V^(Y,). 

Proof. It suffices to show that (?)j0(/,) is an isomorphism for i G ob(/). By 
Lemma I^^.IUI and Lemma ri4. 71 2, it is easy to see that (?)j9(/,) agrees with 
the composite 

^i?(/0*i?Hom;:,„d(x,)(^- m:G)^Rif^).REomMo6ix.)i^i, 

^^^i?HomMod{y,)(^(/i)*^*> ^i)- 

By Lemma 113.91 Hi is an isomorphism. By Lemma 114.51 C, is an isomor- 
phism. By Grothendieck's duality for usual schemes ^3(1, section 6], 0(/i) is 
an isomorphism. Hence, is an isomorphism. □ 



22 Morphisms of finite fiat dimension 

(22.1) Let ((?)*, (?)*) be a monoidal adjoint pair over a category S. For a 
morphism / : X — y in iS, we define the projection morphism 11 = n(/) to 
be the composite 

f.a ® b^fj*{f,a ® b)^f,if*f,a ® f*b)^f,{a ® f*b), 
where a G Mx and b G My (see section El for notation). 

22.2 Lemma. Let the notation be as above, and f : X Y and g : Y ^ Z 

be morphisms in S. For x G Mx and z G Mz, the composite 

{gf)^x®z-^g^{f^x)®z^^g^{f^x^g*z)^^gj^{x®f*g*z)^{gf)^{x®{gfyz) 
agrees with Il{gf). 

Proof. Left to the reader. □ 
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(22.3) Let / be a small category, S a scheme, and /, : X, Y, a morphism 
in P(/,Sch/^). 

22.4 Lemma (Projection Formula). Assume that X, and Y, are quasi- 
compact and separated. Then the natural map 



n = n(/.) : {Rf.),¥ (E)'s';^ g ^ (i?/.)*(F ^f-^) 

is an isomorphism for ¥ G Z^LQco(x.)(Mod(X,)) andG G DLQco(y.)(Mod(y,)). 
Proof. For each i G ob(J), the composite 

i?(/i)*F,, G,^i?(/i).(F, L/;G,)^^i?(/,),(F, (?).i:/:G) 

is an isomorphism by [301 Proposition 5.3] and Lemma f9. 71 1. On the other 
hand, it is straightforward to check that this composite isomorphism agrees 
with the composite 

R{f^)*^^ ^oy^ G,^{7),R{f.),¥ G,^(?),(i?(/.)*F G) 

^^^^(?),i?(/.),(F®^^^L/:G). 

It follows that (?)jn(/,) is an isomorphism for any i G ob(/). Hence, n(/,) 
is an isomorphism. □ 

(22.5) Let /, : X, — i> Y, be a morphism in P(/,Sch /S), and assume that 
both X, and Y, are quasi-compact separated. Define $ = $(/.) to be the 
composite 

/.XF®^^^ ^/:G^/.xi?(/.),(/:F®^^^ l/:g) 

g)^/.x(f®^^^ g), 

where F, G G DLQco{y.)(Mod(n)). 

Utilizing the commutativity as in the proof of Lemma r22.4l and Lemma fM.?! 
it is not so difficult to show the following. 
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22.6 Lemma. Let /, : X, Y, be as in (|22.5j) . For a subcategory J of I, 
the composite 



agrees with 



22.7 Lemma. Let f, : X, ^ Y, be as in (j22.5|) . T/ie composite 

f^w L/:(G e)^/:F l/:h 

-^/.x(F G) l/:h-^/.x(f G e) 

agrees with $. 

22.8 Lemma. Lei S, I and a be as in (ITOl . For F G L'LQco(y.)(^o^(^»))' 

i/ie composite 



agrees with 



{g'.r f:^ ®'ct, ig'.yLr.G^^if.rgiY^'s'^ Hfiygia 

A, A, 



k/:)7^7:f®^^, ^7:g)^(/:)><^7:(f®^j;^ 



22.9 Lemma. Let /, : X, — > Y, and (yf, : ^ Z, be morphisms in 
V{I,Sch./S). Assume that X,, Y, and Z, are quasi- compact separated. Then 
the composite 



((7./.)"F®^i^ {g.f.YG = /;^7rF®^i. f:9:G^f:{g:¥(E)'s'^^ glG) 

^f:9:i^^'6i G) = (^7./.)7F®^^. G) 

agrees with $((7,/,). 

The proof of the lemmas above are left to the reader. 
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(22.10) Let the notation be as in Theorem 116.41 Let i, : U, ^ X, be a 
morphism in X, and p, : X, Y, a. morphism in V. 
We define $ = z,) to be the composite 

22.11 Lemma. Let f, be a morphism in T , and /, = p,i, = q,j, an inde- 
pendence square. Then the composite 

^:prF®^;. L{p.^.rG^^:p:{¥®'^^^ G) '"-""^""^ ^ jU^ G) 
agrees with 

z:prF®^;^ L(p.z.)*G^j:grF®^;^ g). 

Proof. As p is constructed from and d by definition, the assertion follows 
easily from Lemma f22.8l and Lemma f22.91 □ 

(22.12) Let f, : X, ^ Y, be a morphism in JF. We define $(/,) to be 
where /, = p,i, is the (fixed) compactification of /,. 
By Lemma [22. Ill $(/,) is an isomorphism if and only if there exists some 
compactification /, = q,j, such that $(g,, j,) is an isomorphism. 

22.13 Lemma. Let the notation be as in Theorem 116.41 and /, : X, Y, 

and g, : Y, ^ Z, morphisms in T . Then the composite 

(<7./.)'F LigJ.YG = fJ.^ ^'6i. Lr.LglG^fMw LglG) 
agrees with ^{g,f,). 

22.14 Theorem. Let the notation be as in Theorem 116.41 and /, : X, Y, 

a morphism in T . If f, is of finite flat dimension, then 

Hf.) ■■ /If (^'Sr. Lf:^ ^ ^) 

is an isomorphism for ¥ ,G G Z^LQ^^^y^-|(Mod(F,)). 
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Proof. Let /, = p,i, be a compactification of /,. It suffices to show that 
is an isomorphism. In view of Proposition 114.1^1 and Lemma f22.6| 
it suffices to show that 

$(/,) : 2>;F, L/;(G, ^ ^>;(F, G,) 

is an isomorphism for any j G ob(/). So we may assume that I = j- 

By the flat base change theorem and Lemma 122.81 the question is local 
on Yj. Clearly, the question is local on Uj. Hence we may assume that Yj 
and Uj are affine. Set f = fj, Y = Yj, and U = Uj. Note that / is a closed 
immersion defined by an ideal of finite projective dimension, followed by an 
affine n-space. 

By Lemma f22.13[ it suffices to prove that $(/) is an isomorphism if / is 
a closed immersion defined by an ideal of finite projective dimension or an 
affine n-space. 

By Lemma 122.71 we may assume that F = Oy- Both cases are proved 
easily, using [30, Theorem 5.4]. □ 

23 Finite morphisms of fiber type 

(23.1) Let / be a small category, 5* a scheme, and f, : X, Y, a. morphism 
in P(/,Sch /S). Let Z denote the ringed site (Zar(Y,), Assume 
that Y, is locally noetherian. There are obvious admissible ringed continuous 
functors i : Zar(Y,) — >■ Z and g : Z Zar(X,) such that gi = f~^. It is easy 
to see that : Mod(Z) — >• Mod(X,) is an exact functor. 

23.2 Lemma. ///, is affine, then the counit 

e : g#Rg*¥ F 
is an isomorphism for ¥ G D^^^^i^^^^{Mod{X,)) . 

Proof. The construction of e is compatible with restrictions. So we may 
assume that /, = / : X F is an affine morphism of single schemes. 
Further, the question is local on Y, and hence we may assume that Y = 
Spec A is affine. As / is affine, X = Spec-B is affine. By the way-out lemma, 
we may assume that F is a single quasi-coherent sheaf, say M, where M is a 
-B-module. As R'f^M = for z > 0, it suffices to show that e : g#g*M M 
is an isomorphism. As g^g"^ is exact on M and preserves direct sums, we 
may assume that M = B, which case is trivial. □ 
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(23.3) Let /, S, /, : X, — > Y,, Z, g, and i be as in (|23.1|) . Assume that /, 
is finite of fiber type. 

We say tfiat an C^-module ^A is locally quasi-coherent (resp. quasi- 
coherent, coherent) if is. The corresponding full subcategory of Mod(Z) 
is denoted by LQco(Z) (resp. Qco(Z), Coh(Z)). 

23.4 Lemma. Let the notation be as above. Then an Oz-module Ai is 
locally quasi- coherent if and only if for any i G ob(/) and any affine open 
subscheme U ofYi, there exists an exact sequence of {{Oz)i)\u -modules 

Proof. As we assume that /, is finite of fiber type, Oz is coherent. Hence the 
existence of such exact sequences implies that M. is locally quasi- coherent. 

We prove the converse. Let i G ob(J) and U an affine open subset of 
n Set C := V{U, {Oz)i) = T{fr\U),Ox,) and M := T{U,Mi). There is a 
canonical map ((7j|j-i(.^^)*(M) — > Aii\u, where M is the quasi-coherent sheaf 
over SpecC C Xj associated with the C-module M. When we apply to 
this map, we get Mq — {{i'^J^)i)u, where Mq is M viewed as a T{U, Oyi)- 
module. This is an isomorphism, since {{i'^M.)i)u is quasi-coherent and U is 
affine. As is faithful and exact, we have ((?i| j-i(-^-))*(M) = Mi\u- 

Take an exact sequence of the form 

C(T) ^ c^^) ^ M ^ 0. 

Applying the exact functor (s'ilj-i ([/))* o ?, we get an exact sequence of the 
desired type. □ 

23.5 Corollary. Under the same assumption as in the lemma, the functor 
preserves local quasi- coherence. 

Proof. As is compatible with restrictions, we may assume that / consists 
of one object and one morphism. Further, as the question is local, we may 
assume that Y, = y is an affine scheme. By the lemma, it suffices to show 
that g#Oz is quasi-coherent, since g# is exact and preserves direct sums. As 
g#Oz = g#g*Ox — Ox, we are done. □ 

23.6 Lemma. Let the notation be as above. The unit of adjunction m : F — >■ 
Rg*g#¥ is an isomorphism for ¥ G D^Q^^f^^JMod^Z)) . 
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Proof. We may assume that / consists of one object and one morphism, 
and Y, = Y is affine. By the way-out lemma, we may assume that F is a 
single quasi-coherent sheaf. By Corollary 123.51 we may assume that F = 
Oz = g*Ox and it suffices to prove that ug"^ : g'^Ox — *■ g'^g^g'^Ox is an 
isomorphism. As id = {g'^e){ug'^) and e is an isomorphism, we are done. □ 
For Af e Mod(Y,) and M G Mod(Z), the sheaf Hom ,-,..^ {M,Af) on Y, has 
a structure of C^-module, and it belongs to Mod(Z). There is an obvious 
isomorphism of functors 

K : i* RomoY. iM,J\f)^ Eomoy. i'>*M , Af) . 
For G Mod(Z), there is a natural map 

Note that the composite 
agrees with H. 

(23.7) Let J, S, /, : X, — > Y,, Z, g, and i be as in ()2H.1|) . Assume that 
/, is finite of fiber type, and Y, has fiat arrows. Define /.^ : V'^iY,) 
D{Mod{X.)) by 

ft{¥) ■.= g#REom'^,^iOz,¥). 

As /, is finite of fiber type, Oz is coherent. By Lemma ll3.1H i^-R Hom' ^,, (C'z, ¥) G 
V+{Y,). It follows that f^{¥) G V+{X,), and is a functor from to 

Define e : R{f,)J^ Idr>+(y.) by 

R{f.)J^.^ = ^*Rg*g#RUomhy^Oz,^)^^*RUom'^y^Oz,^) 
^RRom:^J^Oz,¥) = i?Hom^^^ F)^i?Hom^^^ (Oy., F) - F. 

Define u : ldv+(x.) ^ f^Rif.)* by 

F = Rmiihx.i(^x.,¥)^g#Rg*REom:hj,.iOx.,¥) 

^g#REoml,^^^^)ig*Ox.,Rg*¥)^g#R}lg^^ = 
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23.8 Theorem. Let the notation be as above. Then is right adjoint to 
R{f»)*, (ind e and u defined above are the counit and unit of adjunction, 
respectively. In particular, if moreover Y, is quasi- compact separated, then 
fl is isomorphic to f^. 

Proof. It is easy to see that the composite 

RU^hy, {Oz, F) ^ REQinl,,A^z)iOz: RUoinhy. i^z, F)) 
^RUmihy, (Oz, t*REQmhy. (Oz, ¥))^RRomhy. i^z, REomh^, {t*Oz, F)) 
^i?Hom^^^(Oz,i?Hom^^^(Oy.,F)) ^ i?Hom^^^ (Oz, F) 

is the identity. Utihzing this, {f^s)o{uf^) — id and {eR{f,)*)o{R{f,)*u) — id 
are checked directly. 

The last assertion is obvious, as the right adjoint functor is unique. □ 

24 Regular embeddings and Smooth morphisms 
of fiber type 

(24.1) Let / be a small category, S a scheme, and X, G V{I, Sch /S). An 
Cx,-Hiodulc sheaf A4 G Mod(X,) is said to be locally free (resp. invertible) 
if A4 is coherent and M.i is locally free (resp. invertible) for any i G ob(/) . A 
perfect complex of X, is a bounded complex in C^(Mod(X,)) each of whose 
terms is locally free. 

A point of X, is a pair {i, x) such that i G ob(/) and x G Xj. A stalk of a 
sheaf M. G AB(X,) at the point {i,x) is defined to be {A4i)x, and we denote 
it by Mi,x- 

A connected component of X, is an equivalence class with respect to the 
equivalence relation of the set of points of X, generated by the following 
relations. 

1 {i, x) and (i', x') are equivalent ii i — i' and x and x' belong to the same 

connected component of Xj. 

2 {i,x) and {i', x') are equivalent if there exists some (p : i ^ i' such that 

X^{x') = X. 
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We say that X, is (i-connected if X, consists of one connected component 
(note that the word 'connected' is reserved for componentwise connected- 
ness). If X, is locally noetherian, then a connected component of X, is a 
closed open subdiagram of schemes in a natural way. If this is the case, the 
rank function {i, x) (—> rank^^ ^ jFj^ of a locally free sheaf is constant on 
a connected component of X,. 

24.2 Lemma. Let I be a small category, S a scheme, and X, G V{I, Sch / S). 
Let ¥ be a perfect complex of X,. Then we have 

1 The canonical map 

Hj : (?)ji?Hom^^^(F,G) ^ i^Hom^^^,^ (F,,, Gj) 

is an isomorphism for G G Z^(Mod(X,)). 

2 The canonical map 

is an isomorphism for G, H G D(Mod{X,)) . 
Proof. 1 It suffices to show that 

Hj : (?)jHom^^^(F,G) ^ Hom^^^i^(Fj,Gj) 

is an isomorphism of complexes if G is a i^'-injective complex in C{Mod{X,)), 
since ¥j is i^-flat and Gj is weakly i^'-injective. The assertion follows im- 
mediately by Lemma [7.281 

2 We may assume that F is a single locally free sheaf. By 1, we may 
assume that X = X, is a single scheme. We may assume that X is affine 
and F = Ox for some n. This case is trivial. □ 

(24.3) Let J be a small category, S a scheme, and X, G V{I, Sch /S). An 
Cx.-module M. is said to be locally of finite projective dimension if J^i^x is of 
finite projective dimension as an (9x,,a;-niodule for any point {i, x) of X,. We 
say that Ai has finite projective dimension if there exists some non-negative 
integer d such that proj.dim^ A4i x < d for any point {i, x) of X,. 

24.4 Lemma. Let I be a small category, S a scheme, and X, G V{I, Sch /S). 
Assume that X, has flat arrows and is locally noetherian. If ¥ is a complex 
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in C(Mod(X,)) with bounded coherent cohomology groups which have finite 
projective dimension, then the canonical map 

i?Hom^^^ (¥, G) H ^ i?Hom^^^ (F, G H) 

is an isomorphism for G, EI G i^(Mod(X,)). 

Proof. We may assume that G = Ox,- By the way-out lemma, we may 
assume that F is a single coherent sheaf which has finite projective dimension, 
say d. By Lemma 113.101 it is easy to see that Ext ^o^, (F, G) = {i > d) for 
G e Mod(X,). In particular, R Hom '^ (F, ?) is way-out in both directions. 
On the other hand, as R Hom ^^o,, (F, Ox.) has finite fiat dimension, and hence 

RRoma^^ (F, Ox.Ws^^ ? is also way-out in both directions. By the way-out 
lemma, we may assume that EI is a single Ox.-niodule. By Lemma 113. 9| 
we may assume that X = X, is a single scheme. The question is local, and 
we may assume that X = Spec A is affine. Moreover, we may assume that 
F is a complex of sheaves associated with a finite projective resolution of 
a single finitely generated module. As F is perfect, the result follows from 
Lemma I2T2I □ 

(24.5) Let S, I, and X, be as above. For a locally free sheaf JF over X,, 
we denote Hom^ i,, {J-", Ox.) by JF^. It is easy to see that JF^ is again locally 
free. If C is an invertible sheaf, then 

Ox. ^ Eomox. (^^ ^) = ®Ox. ^ 

are isomorphisms. 

(24.6) Let / be a small category, 5* a scheme, and i, : F, ^ X, a closed 
immersion in V{I ,Sch. / S). Then the canonical map rj : Ox. (^.)*C^y. is 
an epimorphism in LQco(X,). Set I := Kerr/. Then X is a locally quasi- 
coherent ideal of Ox. ■ Conversely, if X is a given locally quasi-coherent ideal 
of Ox., then 

y. :=Spec,0x./X^X. 

is defined appropriately, and i, is a closed immersion. Thus the isomorphism 
classes of closed immersions to X, in the category P(/,Sch /S)/X, and lo- 
cally quasi-coherent ideals of Ox. are in one-to-one correspondence. We call 
X the defining ideal sheaf of Y,. 

Obviously, i, is of fiber type if and only if X is equivariant. 
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(24.7) Let X, be locally noetherian. A morphism i, : Y, — >■ X, is said to 
be a regular embedding, if i, is a closed immersion of fiber type such that 
ij : Yj Xj is a regular embedding for each j G ob(/), or equivalently, X is 
coherent and Ij^x is a complete intersection ideal of Oxj,x for any j G ob(/) 
and X & Xj. If this is the case, we say that T is a local complete intersection 
ideal sheaf. 

A closed immersion of fiber type : Y, ^ X, with X, locally noetherian 
is a regular embedding if and only if i*X is locally free and li^x is of finite 
projective dimension as an Cxf.i-niodule. 

Note that ill = X/X^, and we have 

for any point {i,y) of Y,, where x — ii{y). We call these numbers the codi- 
mension of X at {i,y). 

24.8 Proposition. Let I be a small category, S a scheme, and i, : Y, ^ X, 

a morphism in V{I,Sch /S). Assume that X, is locally noetherian with flat 
arrows and i, is a regular embedding. Let 2 be the defining ideal ofY,, and 
assume that Y, has a constant codimension d. Then we have the following. 

1 Mo^,((Q*Oy„Ox,) ^Ofori^d. 

2 The canonical map 

^5 an isomorphism. 

3 The Yoneda algebra 

Ext^^,((i.)*C»y., {i.)*OY,) := Ext^o^^ ((i.)*C»y., (i.)*C»y.) 

j>0 

is isomorphic to the exterior algebra (i,)^ /\*(i*X)^ as graded Ox,- 
algebras. 

4 There is an isomorphism 

iiox,^A'{i:ir[-d]. 
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5 For F G V~^{X,), there is a functorial isomorphism 

i\¥ = ^''{^llY (d's';^ Li*,¥[-d]. 

Proof. 1 is trivial, since Tj .j. is a complete intersection ideal of the local ring 
Oxi,x of codimension d for any point (z, x) of X,. 

2 Note that (i,)*Oy. = Ox, /I- From the short exact sequence 

we get an isomorphism 

Ext;^o..^((z.),0y., {i,),Oy.) ^ YiomnAl. OxjT) = (z.).(z:J)^ 
The canonical map 

is uniquely extended to an Ox.-algebra map 

T.{{t.),{t:iy) ^ Ext^^J(z.)*Oy., {t.)*OY.), 

where T, denotes the tensor algebra. It suffices to prove that this map is an 
epimorphism, which induces an isomorphism 

In fact, the exterior algebra is compatible with base change, and 

To verify this, we may assume that i, : Y, —>■ X, is a morphism of single 
schemes, X, = Spec A affine, and X = I generated by an A-sequence. The 
proof for this case is essentially the same as f7| Lemma IV. 1.1. 8], and we 
omit it. 

4 Let Z denote the ringed site (Zar(X,), (%)*Cy.), and g : Z Zar(y,) 
the associated admissible ringed continuous functor. By 2—3, there is a 
sequence of isomorphisms of Coh(X,) 
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In view of 1, there is an isomorphism 

in Z?^oh(-M^od(Z)). Applying to both sides, we get 

5 is an immediate consequence of 4 and Lemma [24.41 □ 

(24.9) Let I and S be as in ()24.(i|l . Let /, : X, ^ F, be a morphism in 
P(/,Sch/S'). Assume that /, is separated so that the diagonal A^./y. : 
X, — s> X, Xy, X, is a closed immersion. Define ^x,/y, '■= K'^i where 1 := 
Ker(r/ : Ox.x^.x. ^ (Ax./y.)*Ox.). Note that {Ax./y.)*^x./y. = ^/I^- 

24.10 Lemma. Let the notation be as above. Then we have 

1 ^x./Y, is locally quasi- coherent. 

2 If f, is of fiber type, then ^x./y. is quasi- coherent. 

3 For i G ob(/), there is a canonical isomorphism ^x,/y, — {^x./Y.)i- 
Proof. Easy. □ 

24.11 Theorem. Let I be a finite category, S a separated noetherian scheme, 
and /, : X, —^Y,a morphism in V{I, Sch /S). Assume that Y, is separated 
of finite type over S , and /, is separated smooth of finite type and fiber 
type. Assume that /, has a constant relative dimension d. Then for any 
F G Dlqco(y.)(^°'-^("^»))' ^^sre is a functorial isomorphism 

K'^x,/Y.[d]®'o..f:^ = f^. 

where [d\ denotes the shift of degree. 

Proof. In view of Theorem 122.141 it suffices to show that there is an isomor- 
phism flOy. — A"^ ^x,/Y.[d]- Consider the commutative diagram 
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By Lemma 18.161 and Lemma I8.15t all the morphisms in the diagrams are of 
fiber type. As pi is smooth of finite type of relative dimension (i, A is a 
regular embedding of the constant codimension d. 

By Theorem 117.81 Theorem 123.81 and Proposition 124.81 we have 

Ox. = f:oy, - aw:oy. = avjioy. = 

As /\^^x./Y. is an invertible sheaf, we are done. □ 

25 Simplicial objects 

(25.1) For n E'L with n > —1, we define [n] to be the totally ordered finite 
set {0 < 1 < . . . < n}. Thus, [-1] = 0, [0] = {0}, [1] = {0 < 1}, and so 
on. We define (A+) to be the small category given by ob(A+) := {[n] | n G 
Z, n > —1} and 

Mor(A^) := {monotone maps}. 

For a subset S'of{ — 1,0,1,...}, we define (A"'")^ to be the full subcategory 
of (A+) such that ob((A+)s) = {[n] \ n e S}. We define (A) := (A+)[o,oo)- 
If -1 ^ S, then (A+)s is also denoted by (A)s. 

We define (A+)'^°'^ to be the subcategory of (A+) by ob((A+)°^°°) : = 
ob(A+) and 

Mor((A'*')™°°) := {injective monotone maps}. 

For S C {-1, 0, 1, . . .}, the full subcategories (A+)^°° and (A)^°'^ of (A+)™°'^ 
are defined similarly. 

We denote (A)^o°!;^2} and (A+)^_^';^q^^ 3} by Am and A+ , respectively. 

Let C be a category. We call an object of P((A+),C) (resp. P((A),C), 
an augmented simplicial object (resp. simplicial object) of C. 

For a subcategory V of (A+) and an object X, G V(V, C), we denote X[n] 
byX„. 

As [—1] is the initial object of A+, an augmented simplicial object X, of 
C with X_i = c is identified with a simplicial object of C/c. 

We define some particular morphisms in A. The unique map [—1] —>■ [n] 
is denoted by e{n). The unique injective monotone map — 1] ^ [n] such 
that i is not in the image is denoted by 6i{n) for z G [n]. The unique surjective 
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monotone map [n + 1] — > [n] such that i has two inverse images is denoted 
by (Ti{n) for i E [n]. The unique map [0] — * [n] such that i is in the image is 
denoted by pi{n). The unique map [n] [0] is denoted by A„. 

Let D be a subcategory of (A"*"). For X, G V{'D,C), we denote X,(e(n)) 
(resp. X,(5j(n)), X,{ai{n)), X,{pi{n)), and X,(An)) by e(n, X.) (resp. (ii(n, X,), 
Si{n, X,), ri{n,X,), and /„(X,)), or simply by e(n) (resp. di{n), Si{n), ri{n), 
In), if there is no confusion. 

Note that A is generated by 5i{n), ai{n) for various i and n. 

(25.2) Note that A"'"([m], [n]) is a finite set for any m,n. Assume that C 
has finite hmits and let / : X — F be a morphism in C. Then the Cech 
nerve is defined to be Ncrve(/) := cosk(^+-)^^^ (/), where cosk(^+-)^^^ is 
the right adjoint of the restriction, which exists. It is described as follows. 
Nerve(/)„ = XxyX---XyX {{n+ l)-fold fiber product) for n > 0, and 
Nerve(/)_i = Y. Note that di{ri) is given by 

i 

di{n){xn, . . .,Xi,Xo) = {Xn, • • • • •,Xi,Xo), 

and Si{n) is given by 

('^) (-^n; • • • ) -^1 ) -^o) (-^ri) • • • ) -^i+l ) -^ij -^ii •^i—l i • • • i -^1 ) -^o) 

if C = Set- 

(25.3) Let 5* be a scheme. A simplicial object (resp. augmented simpli- 
cial object) in Sch/S", in other words, an object of ^((A), Sch /S") (resp. 
'P((A+), Sch / S)),\s called a simplicial (resp. augmented simplicial) ^-scheme. 
The following is well-known. 

25.4 Lemma. Let X, G P((A), Sch Z^*). Then the restriction (?)am ■ 
EM(X,) — > EM (X, I Am) (in equivalence. With the equivalence, quasi- 
coherent sheaves correspond to quasi- coherent sheaves. 

Proof. We define a third category A as follows. An object of ^ is a pair 
(A^o,</?) such that, Mq G Mod(Xo), (/? G HomMod(Xi)((io(A^o), (^t(A^o)), V 
an isomorphism, and that d\{ip) = ^2(^5) o d^i^ip). Note that applying I2 to 
the last equality, we get ll{(p) — lUf) o lUf). As if is an isomorphism, we 
get ll{ip) = id. 

A morphism 70 : {A4o, f) (A/q, ip) is an element of 

7o G HomMod(Xo)(^o,.A/'o) 
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such that 

V'oc?S(7o) = dl{-fo)oip. 
We define a functor $ : EM(X,|ajvJ ^ ^ by 

HM) := (7Wo,ttd/(i) o«do(i))- 

It is easy to verify that this gives a well-defined functor. 

Now we define a functor \I' : ^ EM(X,). Note that an object A4 
of EM(X,) is identified with a family (A^n, «w))[n]G(A), ti;GMor((A)) such that 
7W„ e Mod(XO, 

G HomMod(x„)((^t«)Mod(-^™,), 

for w G A(m,n), is an isomorphism, and 

aw = ctuj' o -'f^'au, (25.5) 

whenever ww' is defined, see ()5.(ij) . 

For (A1o,V^) e ^, we define A^^i := (''^i('T-))*(Aio), and Mn ■= Mn,o 
(as we have ro(0) = id, this will not cause a double-meaning of Aio) for 
n > and < i < n. We define '^/'^(r;,) : M.n,i+i M.n,i to be (Xg(j^„) )*(</?) 
for n > 1 and < i < n, where g(i, ra) : [1] — > [n] is the unique injective 
monotone map with + 1} = \niq{i,n). We define ipiiji) : M.n,i — M.n to 
be the composite map 

LPi{n) := i)Q{n) o ^^(n) o • • • o V'i-i(n) 

for n > and < i < n. 
Now we define 

G HomMod{X„)(-^w(Al»n), Aln) 

to be the map 

X^Mn, = X^roimYMo = r-^(o)(^)*-Mo = A^«,«,(o) "^"'"'^"^ -Mn 
for If G A(m, n). 

Thus (A^o^V^) yields a family (Ai„, ai^,), and this gives the definition of 
\l/ : ^ — >■ EM(X,). The details of the proof of the well-definedness is left to 
the reader. 

It is also straightforward to check that (?)aa/; and give the equiva- 
lence of these three categories. The proof is also left to the reader. 

The last assertion is obvious from the construction. □ 
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26 Descent theory 

Let S* be a scheme. 

(26.1) Consider the functor shift : (A+) — (A) given by shift[n] := [n + 1], 
shift(5i(n)) := Si+i{n + 1), shift(a,(n)) := cTi+i{n + 1), and shift(s(0)) : = 

We have a natural transformation {6q) : ld(A+) — > t o shift given by 
{5^)n := So{n + 1) fern > and := £(0), where l : (A) ^ (A+) is 

the inclusion. We denote {Sq)l by {5o). Note that (Sq) can be viewed as a 
natural map (Sq) : Id(A) — ^ shift l. 

Let X, G 'P((A), Sch /S). We define to be the augmented simplicial 
scheme shift*(X,) = X, shift. The natural map 

X,{So) : X:|(A) = X, shift L ^ X. 

is denoted by (rfo)(X.) or (do). Similarly, if Y. e P((A+), Sch then 

: (i;|(A))' = n^shift 

is defined as well. 

(26.2) We say that X. G V{{A),Sch/S) is a simplicial groupoid of S- 
schemes if there is a faithfully fiat morphism of S'-schemes g : Z ^ Y 
such that there is a faithfully flat morphism f, : Z, ^ X, of fiber type 
of P((A), Sch /S), where Z, = Nervc(^)|(A). 

26.3 Lemma. Let X. G P((A), Sch 

1 If X, = Nervc(5')|(A) for some faithfully flat morphism g of S -schemes, 

then X, is a simplicial groupoid. 

2 // /, : Z, — > X, is a faithfully flat morphism of fiber type of simplicial 

S-schemes and Z, is a simplicial groupoid, then we have X, is also a 
simplicial groupoid. 

3 X, is a simplicial groupoid if and only if (do) : X^|(a) — > X, is of fiber 

type, the canonical unit map 

X; ^ Nerve(rfi(l)) 
is an isomorphism, and do{l) and di{l) are flat. 
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4 If f, : Z, ^ X, is a morphism of fiber type of simplicial S -schemes and 

X, is a simplicial groupoid, then Z, is a simplicial groupoid. 

5 A simplicial groupoid has flat {A)^°^ - arrows . 

6 If X, is a simplicial groupoid of S- schemes such that do{l) and di{l) are 

separated {resp. quasi- compact, of finite type, smooth. Stale), then X, 
has separated {resp. quasi- compact, of finite type, smooth, Stale) (A)™""^- 
arrows, and (do) : X^|(a) X» is separated {resp. quasi- compact, of 
finite type, smooth. Stale). 

Proof. 1 and 2 are obvious by definition. 

We prove 3. We prove the 'if part. As (io(l)so(O) = id = (ii(l)so(O), we 
have that c?o(l) and di{l) are faithfully flat by assumption. As do{l) = (rfo)o 
is faithfully flat and (do) is of fiber type, it is easy to see that (do) is also 
faithfully flat. So this direction is obvious. 

We prove the 'only if part. As X, is a simplicial groupoid, there is 
a faithfully flat S-morphism g : Z Y and a faithfully flat morphism 
f,:Z,^ X, of simplicial S'-schemes of fiber type, where Z, = Nerve((7)|(A)- 
It is easy to see that (do) : 2'^|(a) Z, is nothing but the base change 
by g, and it is faithfully flat of fiber type. It is also obvious that Z'^ = 
Nerve((ii(l)(Z,)) and dQ{l){Z,) and di{l){Z,) are flat. It is obvious that 
fi:Z',^ X', is faithfully flat of fiber type. Now by Lemma Km. (rfo)(X.) 
is of fiber type. As /, is faithfully flat of fiber type and do{l){Z,) and 
di{l){Z,) are flat, we have that do{l){X,) and di{l){X,) are flat. When we 
base change X', Nerve((ii(l)(X,)) by fo : Zq ^ Xq, then we have the 
isomorphism = Nerve((ii(l)(Z,)). As /o is faithfully flat, we have that 
XI — > Nerve(c?i(l)) is also an isomorphism. 

The assertions 4, 5 and 6 are proved easily. □ 

(26.4) Let X, G P((A), Sch Then we define F : Zar(X:) ^ Zar(X.) 
by F{i,U) = (shift i,f/). The corresponding pull-back F^^^ is denoted by 
(?)'. It is easy to see that (?)' have a left and a right adjoint. It also preserves 
equivariant and locally quasi-coherent sheaves. 

Let M e Mod(X,). Then we define (a) : {do)*M M[^^ by 

{a)n : {{do)*M)n = do{n)*Mn^^Mn+l = M'^. 
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It is easy to see that (a) : {do)* (?)(A) ° (?)' is a natural map. Similarly, 
for Y, G P((A+),Sch/5), 

(«^):(4)*-(?)'°(?)(A) 

is defined. 

(26.5) Let X. G P((A+), Sch /^), and M G Mod(X.|(A)). Then, we 
have a cosimplicial object Cos(A^) of Mod(X_i) (i.e., a simplicial object 
of Mod(X„i)°P). We have Cos(A^)„ := e{n),{Mn), and 

w{Cos{M)) := e(m),(/5^) : e{m),{Mm) e(m),(w*(A<„)) = e{n),{Mn) 

for a morphism t/; : m — > n in A. Similarly, the augmented cosimplicial 
object Cos+(7V) of Mod(X_i) is defined for TV G Mod(X.). 

By dmni), it is easy to see that M+ := Rf^-^^{M) is M on X,|(a), Mti 
is limCos(AI), and (A^+) is nothing but the canonical map 

limCos(A^) Cos{M)n = e{n)^{Mn) = e{n)^{M:^). 
Note also that we have 

limCos(^) = Ker(e(0),/35o(i) - e(0),/?5,(i)), (26.6) 
which is determined only by A^(a){o i}- 

26.7 Lemma. Let /, : X, ^ Y, be a morphism of V{{A+),Sch /S). If 
/•|(A+){_i 1} ^'^ of fiber type, fiat quasi-compact separated and Y, has flat 
(A^) Q arrows, then the canonical map 

/,* o R{A) R{A) o (/.|(A))* 

is an isomorphism of functors from LQco(Y,|(a)) to LQco(X,). 

Proof. To prove that the map in question is an isomorphism, it suffices to 
show that the map is an isomorphism after applying the functor (?)„ for 
n > — 1. This is trivial if n > 0. On the other hand, if n = —1, the map 
restricted at —1 and evaluated by 7V1 G LQco(Y,) is nothing but 

/!,(i7°(Cos(^))) - H^ifl.iCosiM))) ^ H^Cosiif.YiM))). 

The first map is an isomorphism as /_i is flat. Although the map /*^(Cos(A^)) 
Cos((/,)*(A^)) may not be a chain isomorphism, it is an isomorphism at the 
degrees —1, 0, 1, and it induces the isomorphism of H^. □ 
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26.8 Lemma. Let X, e 'P{{A),Sch / S) , and M G Mod(X.). Then the 
{associated chain complex of the) augmented cosimplicial object Cos^(7Vl') 
of Ai' G Mod(X^) is split exact. In particular, the unit map u : M.' — >■ 
-R(A)-^(A) isomorphism. 

Proof. Define s„ : Cos+(;W')n ^ Cos+(A<')n-i to be 



(ro)(n + l)*SoH*(A^„) = (ro)H,(A^„) Cos+(A^')n-i 

for 72 > 0, and s_i : Cos'''(A^')_i to be 0. It is easy to verify that s is a 
chain deformation of Cos'^(7W). □ 

26.9 Corollary. Let the notation he as in the lemma. Then there is a func- 
torial isomorphism 

RiA){doy{M) ^M' (26.10) 
for M. G EM(X,). In particular, there is a functorial isomorphism 

(i?(A)K)*(-M))-i^A^o. (26.11) 
Proof. The first map ()26.10|) is defined to be the composite 

i?(A)(rfo)*^^i?(A)(?)'(A)^(?)'. 

As {a){M.) is an isomorphism if M. is equivariant, this is an isomorphism. 
The second map ()26.1H) is obtained from ()26.10|) . applying (?)-i. □ 
The following well-known theorem in descent theory contained in j2HI is 
now easy to prove. 

26.12 Proposition. Let f : X Y be a morphism of S- schemes, and set 
X+ := Nerve(/), and X. := X+|(a). Let M G Mod(X,). Then we have the 
following. 

The counit of adjunction 

e : (/?(A)A<)(A) M 

is an isomorphism. 

1 If f is quasi-compact separated and M. G LQco(X,), then R(^/^)J^ G 

LQco(X+). 
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2 If f is faithfully flat quasi-compact separated and M. G Qco(X,), then we 

have R(A)M G Qco(X+). 

3 If f is faithfully fiat quasi- compact separated, J\f G EM(X+), and J\f\(A) G 

Qco(X,), then the unit of adjunction 

is an isomorphism. In particular, M is quasi- coherent. 

4 If f is faithfully fiat quasi-compact separated, then the restriction functor 

(?)(A):Qco(X+)^Qco(X.|(A)) 
is an equivalence, with -R(a) its quasi-inverse. 

Proof. The assertion follows from Lemma f7. Ill 
We prove 1. By 0, it suffices to prove that 

{R(,A)M)^i = Ker(e(0),/35o(i) - e{0),(3s,ii)) 

is quasi-coherent. This is obvious by (TTJ (9.2.2)]. 

Now we assume that / is faithfully flat quasi-compact separated, to prove 
the assertions 2, 3, and 4. 

We prove 2. As we already know that i?(A)A^ is locally quasi-coherent, it 
suffices to show that it is equivariant. As (d^) : (X,|(a))' — > X, is faithfully 
flat, it suffices to show that {d^)* R(^a)-M is equivariant, by Lemma 18.211 
Now the assertion is obvious by Lemma 126.71 and Corollary 126.91 as Ai' is 
quasi- coherent. 

We prove 3. Note that the composite map 

(4)*A/-^^(4)*^(A)(A/'(A)) - i?(A)(rfo)W(A) = i?(A)((4)*Ar)(A) 

(26.13) 

is nothing but the unit of adjunction u{{dQ)*Af). As (a+) : {d^yM —>■ 
(A/(A))' is an isomorphism since J\f is equivariant, we have that u^^d^YAf) 
is an isomorphism by Lemma 126.81 As the second arrow in ()26.13|) is an 
isomorphism by Lemma 126.71 we have that [d^Yu is an isomorphism. As 
(4) is faithfully flat, we have that u : Af ^ R{A){A/{A)) is an isomorphism, 
as desired. The last assertion is obvious by 2, and 3 is proved. 

The assertion 4 is a consequence of 0, 2 and 3. □ 
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26.14 Corollary. Let f : X ^ Y be a faithfully flat quasi-compact separated 
morphism of S -schemes, and M. G Mod(y). Then is quasi- coherent if 
and only if f*M. is. 

Proof. Only if part is trivial. 

If f*M. is quasi-coherent, then A/" G L^iM. satisfies the assumption of 2 of 
the proposition, as can be seen easily. So = (A/")-! is quasi-coherent. □ 

26.15 Corollary. Let the notation he as in the proposition, and assume that 
f is faithfully flat quasi-compact separated. The composite functor 

A := (?)(A) o L_i : Qco(r) ^ Qco(X.) 

is an equivalence with 

D:= (?)_ioi?(A) 

its quasi-inverse. 

Proof. Follows immediately by the proposition and Lemma I7.3UI 2, since 
[— 1] is the initial object of (A+). □ 
We call A in the corollary the ascent functor, and D the descent functor. 

26.16 Corollary. Let the notation be as in the proposition. Then the com- 
posite functor 

A o D : LQco(X.) ^ Qco(X,) 

is the right adjoint functor of the inclusion Qco(X,) "—>■ LQco(X,). 

Proof. Note that D : LQco(X,) Qco(y) is a well-defined functor, and 
hence A o D is a functor from LQco(X,) to Qco(X,). 
For M G Qco(X,) and Af G LQco(X.), we have 

HomQco(x.)(-M,ADAr) ^ HomQco(y)(DA^, DAT) ^ HomLQ,„(;,+)(i?(A)A<, i?(A)Ar) 

= HomLQco(x.) 

((i?(A)A<)(A),Ar) ^ HomLQco(x.)(-M,Ar) 

by the proposition, Corollarv 126.151 and Lemma (7.301 1. □ 

26.17 Corollary. Let X, be a simplicial groupoid of S -schemes, and assume 
that (io(l) and di{l) are separated and quasi- compact. Then 

(rfo)?™oA:Qco(Xo)->Qco(X.) 

is a right adjoint of (?)o : Qco(X,) Qco(Xo), where A : Qco(Xo) — *• 
Qco(X^|(A)) is the ascent functor defined in Corollaru \26.1^ 
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Proof. Note that ((io)?™ is well-defined, because (do) is quasi-compact sep- 
arated of fiber type and X, has flat (A)™°'^-arrows by Lemma (26.31 and the 
assumption. It is obvious that D o ((io)Qco is the left adjoint of (rfo)?™ ° ^ 
by Corollary 126.151 On the other hand, we have (?)o = D o ((io)Qco by Corol- 
lary 121121 Hence, ((io)?'^° o A is a right adjoint of (?)o, as desired. □ 

27 Local noetherian property 

An abelian category A is called locally noetherian if it is a W-category, satisfies 
the (AB5) condition, and has a small set of noetherian generators jH]. For a 
locally noetherian category A, we denote the full subcategory of A consisting 
of its noetherian objects by 

27.1 Lemma. Let A be an abelian U-category which satisfies the (AB3) 
condition, and B a locally noetherian category. Let F : A B be a faithful 
exact functor, and G its right adjoint. If G preserves filtered inductive limits, 
then the following hold. 

1 A is locally noetherian 

2 a & A is a noetherian object if and only if Fa is a noetherian object. 

Proof. The 'if part of 2 is obvious, as F is faithful and exact. Note that A 
satisfies the (AB5) condition, as F is faithful exact and colimit preserving, 
and B satisfies the (AB5) condition. 

Note also that, for a & A, the set of subobjects of a is small, because the 
set of subobjects of Fa is small ^Oj and F is faithful exact. 

Let be a small set of noetherian generators of B. As any noetherian 
object is a quotient of a finite sum of objects in S", we may assume that any 
noetherian object in B is isomorphic to an element of 5", replacing S by some 
larger small set, if necessary. For each s E the set of subobjects of Gs is 
small by the last paragraph. Hence, there is a small subset T of ob(^) such 
that, any element t G T admits a monomorphism t — Gs for some s E S, Ft 
is noetherian, and that if a G ^ admits a monomorphism a Gs for some 
s G 5* and Fa noetherian then a = t for some t E T. 

We claim that any a G .4 is a filtered inductive limit limaA of subobjects 
ax of a, with each ax is isomorphic to some element in T. 
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If the claim is true, then 1 is obvious, as T is a small set of noetherian 
generators of A, and A satisfies the (AB5) condition, as we have already 
seen. 

The 'only if part of 2 is also true if the claim is true, since if a G .4 is 
noetherian, then it is a quotient of a finite sum of elements of T, and hence 
Fa is noetherian. 

It suffices to prove the claim. As B is locally noetherian, we have Fa = 
lim6A, where {bx) is the filtered inductive system of noetherian subobjects of 
F^. 

Let : Id — > GF be the unit of adjunction, and e : FG — > Id be the 
counit of adjunction. It is well-known that we have (sF) o (Fu) — idp. 
As Fu is a split monomorphism, u is also a monomorphism. We define 
ax := u{a)~^{Gbx). As G preserves filtered inductive limits and A satisfies 
the (AB5) condition, we have 

limax — u{a)~^{Glimbx) — u{a)~^{GFa) — a. 

Note that ax — > Gbx is a monomorphism, with bx being noetherian. 

It remains to show that Fax is noetherian. Let ix '■ ax ^ a he. the 
inclusion map, and jx ■ bx Fa the inclusion. Then the diagram 

Fa ^ FGFa ^ Fa 
Fix T T FGjx T jx 

Fax > FGbx ^ bx 

is commutative. As the composite of the first row is the identity map and Fix 
is a monomorphism, we have that the composite of the second row Fax bx 
is a monomorphism. As 6a is noetherian, we have that Fax is also noetherian, 
as desired. □ 

(27.2) Let S a scheme, and X, e P((A), Sch /S). 

27.3 Lemma. The restriction functor (?)o : EM{X,) Mod(Xo) is faithful 
exact. 

Proof. This is obvious, because for any [n] e (A), there is a morphism [0] — > 

N- 

27.4 Lemma. Let X, be a simplicial groupoid of S-schemes, and assume 
that do{l) and di{l) are quasi- compact and separated. Assume moreover that 
Qco(Xo) is locally noetherian. Then we have 
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1 Qco(X,) is locally noetherian. 

2 M. E Qco(X,) is a noetherian object if and only if A4o is a noetherian 

object. 

Proof. Let F := (?)o : Qco(X,) — >• Qco(Xo) be the restriction. By Lemma l27.3t 
F is faithful exact. Let G := {do)^'^° o A be the right adjoint of F, see Corol- 
lary 122113 As A is an equivalence and (lio)?™ preserves filtered inductive 
limits by Lemma 18.191 G preserves filtered inductive limits. As Qco(X,) 
satisfies (AB3) by Lemma f8. 71 the assertion is obvious by Lemma f2 7. 11 □ 
The following is well-known, see |il6i pp. 126-127]. 

27.5 Corollary. Let Y be a noetherian separated scheme. Then Qco(y) is 
locally noetherian, and A4 G Qco{Y) is a noetherian object if and only if it 
is coherent. 

Proof. This is obvious if Y = Spec A is affine. Now consider the general 
case. Let {Ui)i<i<r be an affine open covering of Y, and set X := U^Ui. 
Let p : X ^ Y he the canonical map, and set X, := Nerve(/)|(A). Note 
that p is faithfully flat, quasi-compact and separated. By assumption and 
the lemma, we have that Qco(X,) is locally noetherian, and Ai G Qco(X,) 
is a noetherian object if and only if Mq is noetherian, i.e., coherent. As 
A : Qco(F) Qco(X,) is an equivalence, we have that Qco(F) is locally 
noetherian, and Ai G Qco{Y) is a noetherian object if and only if [AAi)o = 
p*M. is coherent if and only if M. is coherent. □ 
Now the following is obvious. 

27.6 Corollary. Let X, be a simplicial groupoid of S-schemes, with (io(l) 
and di{l) quasi- compact and separated. If Xq is separated noetherian, then 
Qco(X,) is locally noetherian, and M. G Qco(X,) is a noetherian object if 
and only if M.q is coherent. 

27.7 Lemma. Let I be a finite category, S a scheme, and X, G V{I, Sch /S). 
If X, is separated noetherian, i/ienMod(X,) and LQco(X,) are locally noethe- 
rian. 

Proof. Let J be the discrete subcategory of / such that ob(J) = ob(/). 
Obviously, the restriction (?)j is faithful and exact. For i G ob(/), there 
is an isomorphism of functors {l)iRj = llj(^oh{j)Il4>&i{ij)i^<t>)*i'^)j- The 
product is a finite product, as / is finite. As each Xfp is quasi-compact. 



112 



(X(^)*(?)j preserves filtered inductive limits. Hence Rj preserves filtered 
inductive limits. Note also that Rj preserves local quasi-coherence. 

Hence we may assume that / is a discrete finite category, which case is 
trivial by |15t Theorem II. 7. 8] and Corollarv 127.51 □ 



28 Groupoid of schemes 

(28.1) Let C be a category with finite limits. A C-groupoid is a functor 
from to the category of W-small groupoids (i.e., W-small category all 
of whose morphisms are isomorphisms) such that the set valued functors 
Xo := ob oX* and Xi := Mor oX* are represent able. 

Let X* be a C-groupoid. Let us denote the source (resp. target) Xi — Xq 
by di (resp. cIq). Then X2 := Xi di>^do ^1 represents the functor of pairs 
(/, g) of morphisms of X* such that f o g is defined. Let : X2 ^ Xi (resp. 
^2 : X2 — > Xi) be the first (resp. second) projection , and d[ 1X2^X1 be 
the composition. 

By Yoneda's lemma, do, di, c/q, d[, and are morphisms of C. di : 
Xi(T) Xq{T) is surjective for any T G ob(C). Note that the squares 

X2 — ^ Xi X2 Xi X2 Xi 

i 4 i I 4 I di I d'^ [do (28.2) 

1 — ^ ^0 ^1 

are fiber squares. In particular. 



■\r do ^ dx ^ ^ do ^ 
Ai > Aq Ai — > Ao Ai > Aq 



d' 



'0 



do 



X* :— X2 > Xi Xq (28.3) 

,/ > 



forms an object of V{Am,C). Finally, by the associativity, 

0(0 X 1) = 0(1 X o), (28.4) 
where o : Xi diXdo ^1 ~^ ^1 denotes the composition, or o is the composite 

^1 diXrfo -^1 — X2-^Xi. 



113 



Conversely, a diagram G V{Am,C) as in (|28.3p such that the squares 
in (|28.2p are fiber squares, di(T) : Xi(T) — > Xq(T) are surjective for all 
T e ob(C), and the associativity ()28.4p holds gives a C-groupoid In the 
sequel, we mainly consider that a C-groupoid is an object of V{Am,C). 

Let S' be a scheme. We say that X, G V{Am, Sch / S) is an 5'-groupoid, 
if X, is a (Sch / S')-groupoid with fiat arrows. 

(28.5) Let X, be a (Sch /5')-groupoid, and set X„ := Xi diX^^, Xi di>^do 
■ ■ ■ di^do ("^1 appears times) for n > 2. For n > 2, di : X„ — > 
is defined by do{xn-i, ■ ■ ■ ,xi,xo) = (x„_i, . . . , xi), (i„(x„_i, . . . , xi, xq) = 
(x„_2, . . . ,xo), and di{xn-i, ■ ■ .,xi,xo) = (x„__2, • • . ,Xi oxi_i, . . . ,xo) for < 
i <n. Si'. Xn^ Xn+i is defined by Si(x„_i, . . . , Xi, Xq) = (x„_i, . . . , Xj, id, Xi_i, 

It is easy to see that this gives a simplicial S'-scheme S(X,) such that 
S(X,)|a„ = X,. 

For any simplicial S'-scheme Z, and ^, : -Z^»|aa/ — ^ there exists some 
unique : Z, — > S(X,) such that v^Iam : ^'Um S(-^»)|am = X, equals 
ip. Indeed, ip is given by 

iPn{.z) = {ipliQn-liz)), . . . ,1pi{Qo{z))), 

where qi : [1] [n] is the injective monotone map such that Img^ = + 1} 
for < i < n, and Qi : Zn ^ Zi is the associated morphism. This shows 
that S(X,) = cosk^^^X,, and the counit map (cosk^^^ X,)|Ajvf X, is an 
isomorphism. 

Note that under the identification S(X,)„+i = X„,.j,XrfpXi, the morphism 
do : S(X,)„+i S(X,)„ is nothing but the first projection. So (do) : 
S(X,)' —>■ S(X,) is of fiber type. If moreover (io(l) is fiat, then (do) is 
faithfully fiat. 

We construct an isomorphism h, : S(X,)' — > Nerve((ii(l)). Define h_i = 
id and ho = id. Define hi to be the composite 

-^l diXrfo ^1 di^di Ai. 

Now define hn to be the composite 

Xidi>^doXidiy<do ■ ■ ■diXdo^lrfi^rfo^'^l d^y- do Xi d^y- do ■ ■ ■ djX do Xi ^^X Xi 

via hi /i-ixl -j^ „ -j^ 
> ■ ■ di^di ^1 di^di ■ ■ ■ di^di di^di Ai. 

It is straightforward to check that this gives a well-defined isomorphism h, : 
ZI(X,)' — > Nerve((ii(l)). In conclusion, we have 
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28.6 Lemma. If X, is an S-groupoid, then cosk^ X, is a simplicial S- 
groupoid, and the counit e : (cosk^ -'^•)|am ~^ ^» isomorphism. 

Conversely, the following hold. 

28.7 Lemma. //Y, is a simplicial S-groupoid, then K|am S-groupoid, 
and the unit map m : Y, — > cosk^(Y,|Aji^) is an isomorphism. 

Proof. It is obvious that Y.Iaji^ has flat arrows. So it suffices to show that 
^•Um ^ /iS')-groupoid. Since Y,' is isomorphic to Nerve di, the square 

Y, ^ Yo 

is a fiber square. Since (do) : ^'|(A) — > Y, is a morphism of fiber type, the 
squares 

Y2 ^ Yi Y2 ^ Yi 

i do I do [do I do 

Yi ^ Yo Yi ^ Yo 

are fiber squares. 

As dis = id, di{T) : Xi{T) — > Xo{T) is surjective for any S'-scheme T. 
Let us denote the composite 

^1 di'Xdo ^1 — X2^Xi 

by o. It remains to show the associativity. 
As the three squares in the diagram 



^3 


ds^ 


X2 


i do 




i do 


X2 


d2^ 


X, 


i do 




i do 


Xi 


di^ 


Xo 



d2 



di 



i do 

Xo 



are all fiber squares, the canonical map Q := Q2^Qi^Qo '■ X3 ^ Xi di^do 
Xi di'Xdo Xi is an isomorphism. So it suffices to show that the maps 

X^^Xi di'Xdo Xi diXdo Xi — ^Xi diXdo Xi — >Xi 
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and 



agree. But it is not so difficult to show that the ffist map is did2, while the 
second one is didi. So ^.Iam S-groupoid. 

Set Z, := cosk^^(Y,|AAj), and we are to show that the unit -u, : Y, — > Z, 
is an isomorphism. Since y.|Aj\,^ is an S'-groupoid, e, : -Z'.Ia^ ~^ '^•\am 
isomorphism. It follows that m,|am • ^'Um ^'Um ^^^o an isomorphism. 
Hence Nerve(c?i(l)(M,)) : Nerve (c/i(l)(Y,)) ^ Nerve(rfi(l)(Z,)) is also an 
isomorphism. As both Y, and Z, are simplicial S'-groupoids by Lemma |2HiSl 
u', : Y,' — > is an isomorphism. So Un '■ Yn ^ Zn are all isomorphisms, and 
we are done. □ 

28.8 Lemma. Let S be a scheme, and X, an S-groupoid, with do{l) and 
di{l) quasi-compact and separated. If Xq is noetherian, then Qco(X,) is 
locally noetherian, and G Qco(X,) is a noetherian object if and only if 
M.Q is coherent. 

Proof. This is immediate by Corollary 127.61 and Lemma [25.41 □ 

(28.9) Let / : X — > F be a faithfully flat quasi-compact separated S- 
morphism. Set X+ := (Nerve(/))|^+ and X, := (X+)|aa/- We define the 
descent functor 

D : LQco(X.) ^ Qco(r) 

to be the composite (?)[-i]-Ram- The left adjoint (?)am-^[-i] denoted by 
A, and called the ascent functor. 

28.10 Lemma. Let the notation be as above. Then D : Qco(X,) Qco(y) 
is an equivalence, with A its quasi-inverse. The composite 

A o D : LQco(X.) Qco(X.) 

is the right adjoint of the inclusion Qco(X,) ^ LQco(X,). 

Proof. Follows easily from Corollary 126.151 and Corollary 126.161 □ 

28.11 Lemma. Let X, be an S-groupoid, and assume that do{l) and di{l) 
are separated and quasi- compact. Set := ((cosk^^ X,)')|^+ , and Y, : = 
(Y,+)|Ajvf ■ Let (do) : Y, X, be the canonical map 

Y. = ((cosk(f2 X.)')|A,,^^(cosk(f2 X.)U,, - X.. 
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Then (do) is quasi- compact separated faithfully flat of fiber type, and 

(rfo)?™oA:Qco(Xo)^Qco(X.) 

is a right adjoint of (?)o : Qco(X,) — > Qco(Xo), where A : Qco(Xo) — >■ 
Qco(y,) is the ascent functor. 

Proof. Follows easily from Corollary 126.171 □ 



29 Comparison of local Ext sheaves 

(29.1) Let be a scheme, and X, an S'-groupoid. Assume that (io(l) and 
di{l) are affine faithfully flat of finite type, and Xq is noetherian. Let i : 
D{Qco{X,)) D(Mod(X,)) be the inclusion. Note that Qco(X.) is locally 
noetherian (Lemma 128. 8|) . So any complex in C(Qco(X,)) admits a K- 
injective resolution with each term an injective object. The following is a 
generalization of ^Tj Theorem II. 1.1. 12]. 

29.2 Lemma. Let ¥ e K-^^^^^.^{Mod{X)) and G G ii'+(Qco(X.)). If G is 

a bounded below complex consisting of injective objects o/Qco(X,), then G 
is Hom *o„ (F, l)-acyclic. 

Proof. By the way-out lemma, we may assume that F is a single coherent 
sheaf, and G is a single injective object of Qco(X,). 
To prove this case, it suffices to show that 

Ext^o..^ (F, G) = 

for i > 0. 

Let {[/i, . . . , be a finite affine open covering of Xq, and set Y : = 
lJ^=iUi. Let : F — > Xo be the associated morphism. Set /' : Y x^q 
d^(i)Xi ^ F to be the first projection, and set Y^ := Nerve(/')|^+ and 
y, := Nerve(/')|AM- Let ip, : Y, ^ X^ be the canonical map, where 
X^ := Nerve((ii(l))|A„- As {do)^A(p^ = {do)*{4',)*A has a faithful left ad- 
joint (y9*(?)o, there exists some injective object I of F such that G is a direct 
summand of ((io)*('?/'.)*AI. Set g, := {do)o'ip,. Note that q, is affine faithfully 
flat of flnite type and flber type. We may assume that G = (g,)*AI. As 

REomhx. RiQ')*^^) = Riq,)*REom'^y, {qlW, AI), 



117 



q, is affine, and R Hom 'o,, (g*F, AI) has quasi- coherent cohomology groups, 
we may assume that X, = Nerve (/)|Ajvi^ for some faithfully flat morphism 
/ : X — > y of finite type between affine noetherian ^-schemes. For each I, 
we have that 

Hom^^^ (F, G) ^ i^ Homr. .. ((?)zADF, (?);ADG) = 

i?Homo^^(e(/)*DF,e(/)*DG) ^ e(l)*R Rom\ .(B¥,]a)G). 

As D : Qco(X,) Qco(y) is an equivalence, DG is an injective object of 
Qco(F). Hence ExtW . (DF, ©G) = for i > by Lemma ITini as desired. □ 

30 Group schemes flat of flnite type 

(30.1) Let 5 be a noetherian separated scheme. 

(30.2) Let JF (resp. J-'m) denote the subcategory of V{{A),Sch. / S) (resp. 
subcategory of V{Am, Sch / S)) consisting of objects separated of finite type 
over S with flat arrows and morphisms of finite type and of fiber type. 

Let G be a flat S'-group scheme separated of finite type. Note that G is 
faithfully flat over 5*. Set Ac to be the category of 5'-schemes separated of 
finite type with left G-actions. 

For X G Ag, we associate a simplicial scheme Bg{X) by BG{X)n = 
G" X X. For n > 1, di{n) : X X ^ G^~^ x X is the projection p x 1g»-1xx 
iii = where p : G S is the structure morphism. While di{n) = x ^ 

if i = 0, where a : G x X —>■ X is the action. If < i < n, then di{n) = 
X /i X 1g'-1xX) where fi : G x G ^ G is the product. For n > 0, 
Si{n) : G" X X ^ G"+i X X is given by 

SiH(5f„, ...,gi,x) = {gn, ■ ■ .,gi+i,e,gi, . . .,gi,x), 

where e : 5* — G is the unit element. 

Note that (i?G(^)')l(A) is canonically isomorphic to BciG x X), where 
G X X is viewed as a principal G-action. Note also that there is an isomor- 
phism from Bg{X)' to Nerve (p2 : G x X ^ X) given by 

5g(X); = G"+^ X X ^ {G X X) xx ■ ■ ■ xx {G X X) = Nerve(j92)n 

(^n, . . . , ^0, a;) ^ ((^n ■ ■ ■ 9q, x), {gn-i ■■■go,x),..., {go, x)). 

Hence we have 
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30.3 Lemma. Let G and X be as above. Then Bg{X) is a simplicial S- 
groupoid with c/o(l) and di{l) faithfully fiat separated of finite type. 

We denote the restriction 5g(X)|a,, by B^^{X). Obviously, B^{X) is 
an S'-groupoid with do{l) and di{l) faithfully flat separated of finite type. 

For a morphism / : X — >■ y in Ac, we define Bdf) '■ Bg{X) Bg{Y) 
by {BG{f))n = 1g" ^ f ■ If is easy to check that Bq is a functor from Ac to 
JF. Thus Bq is a functor from Ac to J-'m- 

By definition, a (G, (9x)-module (or a G-linearlized (9x-module j27j or 
G-equivariant Ox-module) is an equivariant (95M(-x)-module, see |3] and [T7]. 
Note that the category of equivariant (^^^(x) -modules and the category of 
equivariant O^M(-x)-modules are equivalent fLemma I25.4|) . Thus a quasi- 
coherent (resp. coherent) (G, (9x)-module is nothing but a quasi-coherent 
(resp. coherent) C^mj-^^-) -module. We denote the category of (G, (9x)-niodules 
by EM(G, X). The category of quasi-coherent (resp. coherent) (G, Ox)- 
modules is denoted by Qco(G, X) (resp. Coh(G, X)). 

The discussion on derived categories of categories of sheaves over diagrams 
of schemes are interpreted to the derived categories of the categories of G- 
equivariant modules. 

By Lemma f30.3l and Lemma f28. 81 we have 

30.4 Lemma. Let X G Aq- Then Qco(G, X) is a locally noetherian abelian 
category. 

Let be a (G, (9x)-module. If there is no danger of confusion, we may 
write M.Q instead of M.. For example. Ox means O^m^^x)) since O^m^^x) is 
equivariant and {Obg{x))o = Ox- This abuse of notation is what we always 
do when S = X = Spec k and G is an affine algebraic group over k. A 
G-module and its underlying vector space are denoted by the same symbol. 
Similarly, an object of D(Mod(5^^(X))) and its restriction to B^^{X)o = X 
are sometimes denoted by the same symbol. Moreover, for a morphism / in 
Ag, we denote for example R{B^{f)), by and B^^f)' by /'. 

Thus, as a corollary to Theorem 121.11 we have 

30.5 Theorem (G-Grothendieck's duality). Let S be a noetherian sep- 
arated scheme, and G a flat S -group scheme separated of finite type. Let X 
and Y be S -schemes separated of finite type with G-actions, and f : X ^ Y 
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a proper G-morphism. Then the composite 



-^i?Hom^^^(^M(y))(i?/*F, G) 
is an isomorphism in D^^^i^^y){Bq (Y)) for ¥ G D^^^^ ^.^{Bq (X)) and 

31 Compatibility with derived C-invariance 

(31.1) Let S he a separated noetherian scheme, and G a flat separated S- 
group scheme of finite type. Let X be an S'-scheme separated of finite type 
with a trivial G-action. That is, a : G x X — > X agrees with the second 
projection p2. In other words, do{l) = di{l) in Bq {X). 

For an object M. of Mod(-Bgf(X)), we define the G-invariance of to 
be the kernel of the natural map 

Pdoii) - Pd,{i) ■■ Mo -> do{l)^Mi = di{l)^Mi, 
and we denote it by A^*^. 

(31.2) Let X be as in (jSHH). Define Bq{X) to be the augmented diagram 

't 

GxsGxsX G XsX 

P23 
> 

Note that B^ (X) is an object of ViAu, S). 

31.3 Lemma. The functor (7)^ : Mod{B^\X)) Mod(X) agrees with 
(?)-ii?A.,. 

Proof. Follows easily from (jT.lUj) . □ 

(31.4) We say that an object M of Bq{X) is G-trivial if M is equivari- 
ant, and the canonical inclusion A4'^ Aio is an isomorphism. Note that 
(?) Aj(/-^-i is the exact left adjoint of (7)*^. Note also that Ad is G-trivial if and 
only if the counit of adjunction e : (?)am-^-i-^'^ ^ is an isomorphism if 
and only if = A/'aj,^ for some A/" G EM^m,^.. 



a 
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Let triv(G', X) denote the full subcategory of Mod(-BG'(-^)) consisting of 
G-trivial objects. Note that (7)^ : triv(G',X) Mod(X) is an equivalence, 
whose quasi-inverse is (?)am-^-i- 

Note that if Ai is locally quasi-coherent, then A^*^ is quasi-coherent. 
Thus, we get a derived functor R{7)^ : D^^^^^^j,, ^^^^{Mod{B^ {X))) 

^io(x)(Mod(X)). 

31.5 Proposition. Let X and Y he S-schemes separated of finite type with 
trivial G-actions, and f : X Y an S-morphism, which is automatically a 
G-morphism. Then there is a canonical isomorphism 

fR{lf = Ri?ff' 

between functors from D^Qcoi^c 0^)) ^Qcoi-^)- 

Proof. As (?)-i is exact, we have -R(?)*^ = {'!)-iRRam by Lemma 131.31 
Thus, we have a composite isomorphism 

fRi-lf - /^(?)_ii?i?A„^(?)-l(5f,(/))^i?i?A.A(?)-l^^A„/' = Ri^ff 

by Proposition 114.1^ and Lemma f2U. 41 □ 

32 Equivariant dualizing complexes and canon- 
ical modules 

(32.1) Let J be a finite ordered category, S a scheme, and X, G V{I, Sch / S). 

32.2 Lemma. Assume thatX, has flat arrows. Then an objecti G K{Mod{X,)) 

is K-injective if and only ifli is K-injective for any i G ob(J). 

Proof. The 'only if part is obvious, since (?)j has an exact left adjoint Li. 

We prove the converse by induction on the number of objects of /. We 
may assume that / has at least two objects. Let z be a minimal element of 
ob(/), and set J := ob(/) \ {i}. Let F be an exact complex in i^r(Mod(X,)). 
Consider a distinguished triangle 

LiYiUw C^SLiFi. 

As 

Hom^„,(^.)(L,F„I) = Hom^„,(^^)(F„I,) 
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is exact by assumption, it suffices to show that Hom^Qj(^^-j(C, I) is exact. 
Note that C is exact. 

Consider the distinguished triangle 

As 

is exact by induction assumption, it suffices to show that HomMod{x.)(-RiCj, I) 
is exact. To verify this, it suffices to show that Cj is null-homotopic. But 
this is trivial, since 

(?),L,F,^F, ^ Q^(?),SL,F, 
is a distinguished triangle, and is an isomorphism. □ 

32.3 Corollary. Let I , S , and X, be as in the lemma. Let J be a full 
subcategory of I such that ob(J) is a filter o/ob(/). If J is a K-injective 
complex of K(Mod{X,\j)) , then so is LjJ. 

32.4 Corollary. Let I , S , and X, be as in the lemma. Let F be an object 
of K{Mod{X,)). Then F has finite injective dimension if and only ifWi has 
finite injective dimension for any i G ob(/). 

Proof. We prove the corollary by induction on the number of objects of /. 
We may assume that I has at least two objects. Let z be a minimal element 
of ob(J), and J the full subcategory whose object set is ob(J) \ {i}. Then 

Lj¥j^¥^R,¥,^^Lj¥j 

is a distinguished triangle. As Fj has finite injective dimension by induction 
assumption, Lj¥j has finite injective dimension by Corollarv 132.31 Since Ri 
is exact and has an exact left adjoint, Ri¥i has finite injective dimension. 
Hence F also has finite injective dimension. □ 

(32.5) Let the notation be as in Theorem 116. 41 Let X, be an object 
of JF (i.e., an /°P-diagram of separated S'-schemes of finite type with fiat 
arrows). We say that F G D{Mod{X,)) is a dualizing complex of X, if 
F G D'^^^j^^^{Mod{X,)) , ¥ has finite injective dimension, and the canonical 
map 

OxA^Hom^^^(F,F) 

is an isomorphism. 
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32.6 Lemma. Let the notation be as in (|32.5|) . An object ¥ E D{Mod{X,)) 

is a dualizing complex of X, if and only if ¥ has equivariant cohomology 
groups and Fj G D{Mod{Xi)) is a dualizing complex of Xi for any i G ob(/). 

Proof. This is obvious by Lemma 113.91 and Corollary 132.41 □ 

32.7 Corollary. Let the notation be as in ()32.5j) . If X, is Gorenstein with 
finite Krull dimension, then Ox, is a dualizing complex of X,. 

Proof. This is clear by the lemma and ^1 (V.IO)]. □ 

32.8 Lemma. Let the notation be as in (132. 5|) . If X, has a dualizing complex 
¥, then X, has finite Krull dimension, and X, has Gorenstein arrows. 

Proof. As Fj is a dualizing complex of Xi for each i G ob(/), X, has finite 
Krull dimension by [15., Corollary V.7.2]. 

Let (f) : i j he a morphism of /. As is flat, : X^Fj ¥j is an 
isomorphism of D{Mod{Xj)). As X^Fj is a dualizing complex of Xj, X^ is 
Gorenstein by HJ (5.1)]. □ 

32.9 Proposition. Let the notation be as above, and I a dualizing complex 
of X,. Lei F G -Dcoh(x.)(Mod(X,)). Then we have 

1 i?Hom^^^(F,I) G Dcoh(x.)(Mod(X.)). 

2 The canonical map 

¥ -> i^ Homro .,^ (R Rom ^,,^ (F, I), I) 
is an isomorphism for ¥ G i5coh(x.)(Mod(X,)). 

Proof. 1 As I has finite finite injective dimension, R Hom' o (?, I) is way-out 
in both directions. Hence by ^3 Proposition 1.7.3], we may assume that F 
is bounded. This case is trivial by Lemma 113.91 and Lemma 113.111 

2 Using Lemma 113.91 twice, we may assume that X, is a single scheme. 
This case is ^3 Proposition V.2.1]. □ 

32.10 Lemma. Let the notation be as in fl32.5p . Let /, : X, ^ Y, be a 

morphism in T , and let I be a dualizing complex of Y,. Then flij) is a 
dualizing complex of X, . 
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Proof. By Corollarv ll8.41 f',(T) has coherent cohomology groups. By Lemma l32.4t 
flij) has finite injectiye dimension. 

By Lemma 132.61 and Proposition 114.141 we may assume that f : X Y 
is a morphism of single schemes, and it suffices to show that 

is an isomorphism. As the question is local both on Y and X, We may 
assume that both Y and X are affine, and / is either an affine n-space or a 
closed immersion. This case is done in Chapter V]. □ 

32.11 Lemma. Let the notation be as in fj32.5p . and I and J dualizing com- 
plexes on X,. If X, is connected and Xi is non-empty for some i G ob(/), 
then there exist a unique invertible sheaf C and a unique integer n such that 

J = I®^^^ C[n]. 

Such C and n are determined by 

C[n] ^ R Rom:n ..JlJ). 
Proof. Use [15, Theorem V.3.1]. 

32.12 Definition. Let the notation be as in ()32.5|) . and I a fixed dualizing 
complex of X,. For any object /, : Y, — *■ X, of J-'/X,, we define the dualizing 
complex of Y, (or better, of /,) to be fll. If Y, is connected and Yi is non- 
empty for some i G ob(/), then we define the canonical sheaf uy. of of Y, (or 
better, /,) to be H'^{fll), where s is the smallest i such that H\flf) ^ 0. If 
Y, is disconnected, then we define tuy. componentwise. 

Let be a noetherian ring, S := Speci?, and G a fiat i?-group scheme 
separated of finite type. 

32.13 Lemma. G ^ S is a [flat) local complete intersection morphism. 
That is, {it is flat and) all fibers are locally complete intersection. 

Proof. We may assume that S = Spec k, with k a field. Then by Theo- 
rem 1], we may assume that k is algebraically closed. 

First assume that the characteristic is p > 0. Then there is some r 3> 
such that the image of the Frobenius map : G —> G'-'"-' is reduced 
(or equiyalently, /c-smooth) and agrees with G^ed- Note that the induced 
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morphism G G^'J^ is flat, since the flat locus is a G-stable open subset of 
G [T71 Lemma 2.1.10], and the morphism is flat at the generic point. 

As the group Gj-cd acts on G transitively, it suflices to show that G is 
locally a complete intersection at the unit element e. So by Pl Theorem 2], 
it suflices to show that the rth Frobenius kernel Gr is a complete intersection. 
As Gr is finite connected, this is well known |^ (14.4)]. 

Now consider the case that G is of characteristic zero. We are to prove 
that G is fc-smooth. Take a finitely generated Z-subalgebra R of k such that 
G is defined. We may take R so that Gr is i?-fiat. Set H := (G'H)red- We 
may take R so that H is also i?-fiat. Then if is a closed subgroup scheme 
over R, since H Xr H is reduced. As a reduced group scheme over a field 
of characteristic zero is smooth, we may localize R if necessary, and we may 
assume that H is i?-smooth. 

Let be the defining ideal sheaf of H in Gr. There exists some s > such 
that J'+^ = 0. Note that G := 0'^o J'/J'+^ is a coherent {H, OH)-modn\e. 
Applying Corollarv 126.151 to the case that Y = Spec/2 and X, = Bfj^{H), 
the coherent {H, Oj:f)-module Q is of the form f*{V), where K is a finite R- 
module, and f : H ^ Spec R is the structure map. Replacing R if necessary, 
we may assume that V = R^. Now we want to prove that m = 1 so that 
H = Gr, which implies G is /c-smooth. 

There exists some prime number p > u and a maximal ideal m of i? such 
that R/m is a finite field of characteristic p. Let k be the algebraic closure of 
R/m, and consider the base change (?) ■.=?0rk. Note that Q = 0. J^J^^^, 
since R is Z-fiat and H and Gr are i?-fiat. Let X'^'^l denote the defining ideal 
of the rth Frobenius kernel of Gr. By jUJ (14.4)] again, dimkiOQ^/X^'^^)^ 
is a power of p, say p""^^^ . Similarly, the fc-dimension of the coordinate ring 
(0(5^/( J' + X[p''l))e of the rth Frobenius kernel of H is a power of p, say p'^'-^'. 
Note that 

pHr) < pvir) < dimfc(Og JJ[^^] ®Oa^ G)e = p'^^'^U < p'^^'^+K 

Hence w{r) < v{r) < w{r) + 1, and we have Se C ' for any r. By KruU's 
intersection theorem, Se C. (^^(Xg)^"^ = 0. This shows that Gr is reduced 
at e, which shows that Gr is K-smooth everwhere. So the nilpotent ideal 
must be zero, and this shows u = 1. □ 
Now assume that i? is a Gorenstein local ring of dimension d. 

32.14 Lemma. Bg{S) is Gorenstein of finite Krull dimension. In particu- 
lar, Os[d] is an equivariant dualizing complex of X {i.e., Obq(s) is a dualizing 
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complex of Bg{S)). 

Proof. As S = Spec R is Gorenstein by assumption and G is Gorenstein over 
S by Lemma f32. 131 the assertions are trivial. □ 

32.15 Definition. We choose and fix the equivariant duahzing complex 
Csfd]. For an object X G Ac, the corresponding equivariant dualizing com- 
plex is called the equivariant dualizing complex of X. The corresponding 
equivariant canonical sheaf is called the equivariant canonical sheaf of X, 
and is denoted by ux- 

32.16 Lemma. Let X G Ac, o-nd assume that G acts on X trivially. Then 
the dualizing complexlx '■= f'{Os[d]) has G-trivial cohomology groups, where 
f : X S is the structure map. In particular, ujx is G-trivial. 

Proof. By Proposition 114. 1^ 

f\Os[d\) = f\{O^M(x))BM(X)) = (?)bM(^)(5^(/)'(O^M(^))). 

By Corollarv ll8.4l BQ{f)\Oj^M^x)) ^as coherent cohomology groups. Hence, 
f\Os[d]) has G-trivial cohomology groups. □ 



33 A generalization of Watanabe's theorem 

33.1 Lemma. Let R he a noetherian commutative ring, and G a finite group 
which acts on R. Set A = R^ , and assume that Spec A is connected. Then 
G permutes the connected components of R transitively. 

Proof. Since Speci? is a noetherian space, Speci? has only finitely many 
connected components, say Xi, . . . , X„. Then R = Ri x ■ ■ ■ x R^, and each 
Ri is of the form Rci, where Cj is a primitive idempotent. Note that E := 
{ci, . . . , Cn} is the set of primitive idempotents of R, and G acts on E. Let 
El be an orbit of this action. Then e = Yle eEi ^« ^- ^ does not have 
any nontrivial idempotent, e = 1. This shows that G acts on E transitively, 
and we are done. □ 

33.2 Lemma. Let R be a noetherian commutative ring, and G a finite group 
which acts on R. Set A = R^ , and assume that the inclusion A^ R is finite. 
// p G Spec A, then G acts transitively on the set of primes of R lying over 

P- 
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Proof. Note that A is noetherian by Eakin-Nagata theorem [2^1 Theorem 3.7]. 
Let A' be the pAp-adic completion of Ap, and set R' := A' ®^ R. As A' is A- 
flat, A' = {R')^. It suffices to prove that G acts transitively on the maximal 
ideals of R'. But R' is the direct product Yli R'i of complete local rings R[. 
Consider the corresponding primitive idempotents. Since A' is a local ring, G 
permutes these idempotents transitively by Lemma l33.ll It is obvious that 
this action induces a transitive action on the maximal ideals of R' . □ 

(33.3) Let /c be a field, and G a finite /c-group scheme. Let S = Spec R be 
an affine fc-scheme of finite type with a left G-action. It gives a fc-algebra 
automorphism action of G on R. Let A := R'^ be the ring of invariants. 

33.4 Proposition. Assume that G is linearly reductive {i.e., any G-module 
is semisimple) . Then the following hold. 

1 If R satisfies Serre's (Sr) condition, then the A-module R satisfies {Sr), 

and A satisfies {Sr). 

2 If R is Cohen- Macaulay, then R is a maximal Cohen- Macaulay A-module, 

and A is also a Cohen-Macaulay ring. 

3 If R is normal, then so is A. 

4 If R is Cohen-Macaulay, then uj^ = uja as A-modules. 

5 Assume that R is Corenstein and ujr = R as {G, R) -modules. Then A = 

R^ is Corenstein and uja — A. 

Proof. Note that the associated morphism tt : S* = Spec R Spec A is finite 
surjective. 

To prove the proposition, we may assume that Spec A is connected. 

Set G := G®kk, and R = R^kk, where k is the algebraic closure of k. Let 
Go be the identity component (or the Frobenius kernel for sufficiently high 
Frobenius maps, if the characteristic is nonzero) of G, which is a normal 
subgroup scheme of G. Note that Spec^ — > Spec^'^° is finite and is a 
homeomorphism, since Gq is trivial if the characteristic is zero, and R'^° 
contains some sufficiently high Frobenius power of R, if the characteristic is 
positive. On the other hand, the finite group G{k) = {G/Go)(k) acts on R'^°, 
and the ring of invariants under this action is A ®fc k. By Lemma 133. 2[ for 
any prime ideal p of A®k k, G(k) acts transitively on the set of prime ideals 
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of R (or R'^°) lying over p. It follows that for any prime ideal p of A and a 
prime ideal ^ of i? lying over p, we have ht p = ht 

Let M be the sum of all non-trivial simple G-submodules of R. As G is 
linearly reductive, R is the direct sum of M and A as a G-module. It is easy 
to see that R = M Q) A is a direct sum decomposition as a (G, y4)-module. 

1 Since A is a direct summand of R as an A-module, it suffices to prove 
that the A-module R satisfies the (S'r)-condition. Let p G Spec A and assume 
that depth^p Rp < r. Note that depth^^ Rp = infsp depth _R(p, where ^ runs 
through the prime ideals lying over p. So there exists some ^ such that 
depth i?ip < depth^^ Rp < r. As R satisfies Serre's (S'r)-condition, we have 
that -Rsp is Cohen-Macaulay. So 

ht p = ht <P = depth R^ < depth^^ Rp < depth < ht p, 

and all < must be =. In particular, Rp is a maximal Cohen-Macaulay Ap- 
module. This shows that the A-module R satisfies Serre's (S'r)-condition. 

2 is obvious by 1. 

3 Consider the case that k is of characteristic zero. If so, then we may 
assume that k is algebraically closed, G is a finite group, and Spec A is 
connected. The action of G on i? is extended to an action on the total 
quotient ring Q{R). We have A = R (1 Q{R)'^ . On the other hand, any 
nonzero element of A is a nonzero divisor of R. In fact, if 7^ a G A is a 
zerodivisor of i?, then there exists some primitive idempotent cq of R such 
that eoa = 0. Let eo,ei, . . . , e,- be the primitive idempotents of R. As G 
acts transitively on these, there exists some Qi G G such that Cj = QiCQ for 
each i. Then a = la = (cq + ■ ■ ■ + 6^)0 = {qq + ■ ■ ■ + gr){eoa) = 0, which 
is a contradiction. So Q{A) C Q{R)'^ (in fact = holds), and A is integrally 
closed, as can be seen easily. 

So assume that k is of characteristic p > 0. We need to show that A 
satisfies the (-Ri)-condition. Let p be a height one prime ideal of A. As Rp 
is a one-dimensional (semilocal) regular ring, the direct summand subring 
Ap is strongly F- regular, see ^H]- Namely, Ap is a DVR. It follows that A 
satisfies the (i?i)-condition. 

4 Note that it : S = Speci? Spec A is a finite G-morphism. Set 
d = dimi? = dim A. As A is Cohen-Macaulay and Spec A is connected, A 
is equidimensional of dimension d. So ht m = for all maximal ideals of 
A. The same is true of R, and hence R is also equidimensional. So u!ji[d] 
and UA[d] are the equivariant dualizing complexes of R and A, respectively. 
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In particular, we have ti'Ua = ujji. By Lemma 132.161 ua is G-trivial. By 
Theorem I3(J.51 we have 

^ i?(?)^i?7r,i?Hom03^^^^(OspecR,7r'^A) 

= /?(?)^i?Hom03^^^Ji?7r,OspecK,^^). 

As TT is affine, Rn^OspecR = R- As is a maximal Cohen- Macaulay A- 
module and uj^ is a finitely generated A-module which is of finite injective 
dimension, we have that Ext^(i?, oja) = (i > 0). As G is linearly reductive, 
we have that 

RiD^R Hom ,o^^^ ^ {Rn^ Csppr- fi.uja) = HomA(i?, cua)'^ = HomG,A(^, cua)- 

As G is linearly reductive, there is a canonical direct sum decomposition R = 
R'~^ © f/i?, where Ur is the sum of all non-trivial simple G-submodules of R. 
As oja is G-trivial, HoTciGiU u a) = 0. In particular, HomG,A(f^i?, "^a) = 0. 
On the other hand, we have that 

Yiom a{R^ ,u}a)^ = Hom^(A,u;A)'^ = = ^a- 
Hence cj^ = uja- 

5 follows from 2 and 4 immediately. □ 

33.5 Corollary. Let k be afield, G a linearly reductive finite k-group scheme, 
and V a G-module. Assume that the representation G GL{y) factors 
through SL{y). Then the ring of invariants A := (SymV)'^ is Gorenstein, 
and uoa — A. 

Proof. Set R := SymV. As R is A;-smooth, we have that ujr = /\^^R/k — 
R ® A" where n = dim^ V. By assumption, /\" V = k, and we have 
that Ur = R, as (G, -R)-modules. By the proposition, A is Gorenstein and 
cua = A. □ 
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